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Abstract: Laplace Iman transform (𝐿𝐼𝑇) as a double integral transform of a function 𝑓(𝑥,𝑡) of two 

variables was presented to solve some integral and partial differential equations. Main properties and 

theorems were proved. The convolution of two function 𝑓(𝑥,𝑡) and 𝑔(𝑥,𝑡) and the convolution theorem 

were discussed. The integral and partial differential equations were turned to algebraic ones by using ((𝐿𝐼𝑇) 

and its properties. The results showed that the Laplace-Iman transform was more efficient and useful to 

handle such these kinds of equations. 
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1. Introduction : 

Pierre – Simon Laplace (1782) introduced the idea of its transform that became one of the most famous 

transforms in mathematics, physics and engineering sciences. The Laplace transform was used to find out the 

solution of linear differential, difference, and integral equations ,On ther hand, Iman Ahmed Almardy  

modified Sumudu transform ,and gave a new technique that used to solve linear and nonlinear differential 
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equations ,integral equations], and other applications .Whereas using single Laplace and Iman transforms to 

solve equations with unkown function of two variables were hard and useless sometimes so the matheticians 

as L.Debnath used the double Laplace transform to solve functional, double integral equations and partial 

differential equations .While I.A.ALmardy solved telegraph partial differential equation by using double Iman 

transform .In this paper , another double transform which called Laplace-Iman transform of function 𝑓(𝑥,𝑡) 

was studied with properties and theorems to find out the solution of some integral and partial differential 

equations. Consequently, the aim of this work is to develop a method to solve double integral and partial 

differential equations easily by turning these kind of equations to algebraic ones. 

2. Research problem: 

Partial differential equations and double integral equations with convolution type are used to describe many 

problems in the field of engineering and most applied science . The solving of these equations by Using single 

transforms were more difficult than using the double transforms.  

The Laplace-Iman transform as a double transform and its properties were discussed to solve these kind of 

equations easily. 

3. Materials and methods of research: 

The inductive thinking was used to get a double integral transform. The single Laplace and Iman transforms 

were combined in a double integral transform which called Laplace-Iman transform , so most of properties for 

the two single transforms were generalized and most results related to the gamma function. 

3.1. Basic concepts: 

3.1.1. Laplace transform : 

Let 𝑓(𝑥) is a piecewise continuous function on interval [0,∞[ and of exponential order so it satisfy :  

                  

                        |𝑓(𝑥)| < 𝑀𝑒𝑎𝑥 ;  𝑎 > 0 
 
Then the Laplace transform of this function is defined by :  

 

                    𝐿(𝑠)=𝐿(𝑓(𝑥)) =∫ 𝑒−𝑠𝑥𝑓(𝑥)
∞

0
𝑑𝑥                   (1)  

 
The inverse Laplace transform is : 

                            𝑓(𝑥)=𝐿−1(𝐿(𝑠)  ) = ∫ 𝑒𝑠𝑥𝐿
∞

0
(𝑠)𝑑𝑠          (2) 

3.1.2. Iman transform : 
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If 𝑓(𝑡) is a function from the set A where:  

                    𝐴={𝑓(𝑡): ∃𝑀,𝑘1,𝑘2>0,|𝑓(𝑡)|<𝑀𝑒
|𝑡|

𝑘𝑗;  𝑡∈(−1)𝑗 ×[0,∞[  } 
 
Then the Iman transform of this function is:  

 

I[𝑓(𝑡)] = 
1

𝑝2
∫ 𝑓(𝑡)𝑒−𝑡𝑝

2
𝑑𝑡

∞

0
                                         (3) 

 
And the relation between Laplace and Iman transform is : 

                   𝐿(𝑠) = 
1

𝑝2
 𝐼(𝑝2)                                                       (4) 

So the inverse Iman transform has the form : 

                      𝑓(𝑡)=𝐼−1(𝐼(𝑝)) = ∫   𝑒𝑠𝑡
1

𝑝2
 𝐼(𝑝2) 𝑑𝑝

∞  

0
              (5) 

3.1.3. Gamma function: 

𝛤(𝑎) is the gamma function which defined by the form  

 

                  𝛤(𝑎)= ∫ 𝑒−𝑥
∞

0
𝑥𝑎−1𝑑𝑥                                                              (6) 

 
The gamma function satisfies many properties like :  

                          𝛤(𝑎+1)=𝑎𝛤(𝑎)                                                               (7) 
If 𝑎∈𝑁 then, 

                            𝛤(a)=(a+1)!                                                                (8) 
 

4. Discussion and results: 

4.1. Definition of the Laplace-Iman transform (𝐿𝐼𝑇) : 

The Laplace-Iman transform of function 𝑓(𝑥,𝑡) of two variable 𝑥 and 𝑡 defined in the first quadrant of 

 the 𝑥−𝑡 plane is defined by the double integral in the form:  

 

𝑓  (𝑠,𝑝)=𝐿𝑥I𝑡(𝑓(𝑥,𝑡)) =𝐿I(𝑓(𝑥,𝑡)) =
1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2∞

0
𝑓(𝑥, 𝑡)𝑑𝑥𝑑𝑡

∞

0
             (9) 

 
Evidently, 𝐿I𝑇 is linear integral transformation as shown below : 

𝐿I(𝛼𝑓(𝑥,𝑡)+𝛽𝑔(𝑥,𝑡))= 
1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2∞

0
(αf(x, t) + βg(x, t))𝑑𝑥𝑑𝑡

∞

0
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= 
1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2∞

0
αf(x, t)𝑑𝑥𝑑𝑡

∞

0
+  

1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2∞

0
βg(x, t)𝑑𝑥𝑑𝑡

∞

0
 

= 
𝛼

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2∞

0
f(x, t)𝑑𝑥𝑑𝑡

∞

0
+  

𝛽

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2∞

0
g(x, t)𝑑𝑥𝑑𝑡

∞

0
 

=𝛼𝐿I(𝑓(𝑥,𝑡))+𝛽𝐿I(𝑔(𝑥,𝑡))                                                                                            (10) 

Where 𝛼 and 𝛽 are constants. 

By using the Bromwich inversion formula , The inverse Laplace-Iman transform is defined by the complex 

integral formula : 

 

1

(2𝜋𝑖)2
∫ ∫  

1

𝑝2
𝑒𝑠𝑥+𝑡𝑝

2
𝛽+𝑖∞

𝛽−𝑖∞

𝑓(𝑠, 𝑝2)𝑑𝑠𝑑𝑝                     (11)
𝛼+𝑖∞

𝛼−𝑖∞

 

4.2. Laplace – Iman transform of basic functions : 

 

 

 

(a) 

𝑓(𝑥, 𝑡) = 𝑥𝑎𝑡𝑏   for 𝑥 > 0 𝑎𝑛𝑑    t>0, then  

𝑓′′(𝑠, 𝑝) = 𝐿𝐼(𝑥𝑎𝑡𝑏  ) =
1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2
∞

0

𝑥𝑎𝑡𝑏  𝑑𝑥𝑑𝑡
∞

0

 

 

                                                                   = ∫ 𝑥𝑎𝑒−𝑠𝑥𝑑𝑥
∞

0
 ∫   

1

𝑝2
𝑒−𝑡𝑝

2
𝑡𝑏   𝑑𝑡

∞  

0
 

 

=
Γ(a + 1)

𝑠𝑎+1
𝑝−2𝑏−4Γ(b + 1)                     (12) 

In particular, 
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𝐿𝐼(1) =   
1  

𝑠 𝑝2
                                         (13) 

where 𝑎>−1 and 𝑏>−1 are real numbers 

Consequently if 𝑎 and 𝑏 are natural numbers in (12) we obtain 

𝐿𝐼(𝑥𝑎𝑡𝑏  ) =
𝑎! 𝑏!

𝑠𝑎+1
𝑝−2𝑏−4               (14) 

(b) 

 

𝐿𝐼(𝐽0(𝑎√𝑥𝑡)) =
1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2
∞

0

𝐽0(𝑎√𝑥𝑡)𝑑𝑥𝑑𝑡
∞

0

 

 

                                                                   = ∫ 𝑒−𝑠𝑥𝐽0(𝑎√𝑥𝑡)𝑑𝑥
∞

0
 ∫   

1

𝑝2
𝑒−𝑡𝑝

2
𝑡𝑏   𝑑𝑡

∞  

0
 

 

                                                       =
1  

𝑠 𝑝2
∫  𝑒−𝑡𝑝

2
𝑒−

𝑡𝑎2

4𝑠  𝑑𝑡
∞  

0
=

1  

𝑠
𝐼(𝑒−

𝑡𝑎2

4𝑠 )              (15) 

(C) 

𝐿𝐼[𝐻(𝑥 − 𝑥0, 𝑡 − 𝑡0)] =
1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2
∞

0

𝐻(𝑥 − 𝑥0, 𝑡 − 𝑡0)𝑑𝑥𝑑𝑡
∞

0

 

 

                                                                   = ∫ 𝑒−𝑠𝑥𝑑𝑥
∞

𝑥0
 ∫   

1

𝑝2
𝑒−𝑡𝑝

2
𝑡𝑏   𝑑𝑡

∞  

𝑡0
 

 

                                                       = 
1  

 𝑝2
𝑒−𝑡0𝑝

2
𝑒−

𝑠𝑥0
𝑠                                                           (16) 

where   𝐻(𝑥 − 𝑥0, 𝑡 − 𝑡0) is Heaviside function which has the formula :  

𝐻(𝑥 − 𝑥0, 𝑡 − 𝑡0)= {
1 ;𝑥 ≥ 𝑥0 and t ≥ t0
0 ;𝑥 < 𝑥0 and t < t0

                                                                  (17) 
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A table of Laplace-Iman transform can be constructed from the standard tables of Laplace and 

Iman transforms by using the definition (9) or by evaluating double integrals. The above results 

can be used to solve integral and partial differential equations. 

4.2.1. Corollary: Let 𝒇(𝒙,𝒕)=𝒈(𝒙)𝒉(𝒕), then 

 

                    𝑓′′ (𝑠,𝑝)=𝐿𝐼[𝑓(𝑥,𝑡)]=𝐿[𝑔(𝑥)]𝐼[ℎ(𝑡)]                                                    (18) 
 
Proof:   𝑓′′  (𝑠,𝑝)=𝐿𝐼[𝑓(𝑥,𝑡)]= 

1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2
∞

0

g(x)h(t) 𝑑𝑥𝑑𝑡
∞

0

 

 

                                                                   = ∫ 𝑒−𝑠𝑥 𝑔(𝑥)𝑑𝑥
∞

0
 ∫   

1

𝑝2
𝑒−𝑡𝑝

2
ℎ(𝑡) 𝑑𝑡

∞  

0
 

 
                                                      =𝐿[𝑔(𝑥)] 𝐼[ℎ(𝑡)]                                             (19)                                                                    
 

 

 

 

Derivative property : 

If 𝑓′′(𝑠, 𝑝) =𝐿𝐼(𝑓(𝑥,𝑡)) then, 

(a)   𝐿𝐼 [
𝜕𝑓(𝑥,𝑡)

𝜕𝑥
] = 𝑆𝑓

′′
(s, p) − 𝐼𝑓(0, 𝑡)   

Proof: 

𝐿𝐼 [
𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
] =

1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2
∞

0

𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
 𝑑𝑥𝑑𝑡

∞

0
 

 

                                                                               =
1

𝑝2
∫ 𝑒−𝑠𝑥  

𝜕𝑓(𝑥,𝑡)

𝜕𝑥
𝑑𝑥

∞

0
 ∫   𝑒−𝑡𝑝

2
 𝑑𝑡

∞  

0
 

Suppose 𝑢=𝑒−𝑠𝑥,𝑑𝑣=
𝜕𝑓(𝑥,𝑡)

𝜕𝑥
𝑑𝑥 then, 
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= 𝑆𝑓
′′
(s, p) − 𝐼𝑓(0, 𝑡) 

(b)   𝐿𝐼 [
𝜕𝑓(𝑥,𝑡)

𝜕𝑡
] = 𝑝2𝑓

′′
(s, p) −

1

𝑝2
𝐿 𝑓(𝑥, 0) 

Proof: 

𝐿𝐼 [
𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
] =

1

𝑝2
∫ ∫ 𝑒−𝑠𝑥−𝑡𝑝

2
∞

0

𝜕𝑓(𝑥, 𝑡)

𝜕𝑡
 𝑑𝑥𝑑𝑡

∞

0
 

 

                                                                               =
1

𝑝2
∫ 𝑒−𝑠𝑥 𝑑𝑥
∞

0
 ∫   𝑒−𝑡𝑝

2 𝜕𝑓(𝑥,𝑡)

𝜕𝑡
 𝑑𝑡

∞  

0
 

Suppose 𝑢=𝑒−𝑡𝑝
2
,𝑑𝑣=

𝜕𝑓(𝑥,𝑡)

𝜕𝑡
𝑑𝑡 then, 

 

= 𝑝2𝑓
′′
(s, p) −

1

𝑝2
𝐿 𝑓(𝑥, 0) 

Similarly, 

(C) LI [
𝜕2𝑓(𝑥,𝑡)

𝜕𝑥𝜕𝑡
] = 𝑠𝑝2𝑓′′(s, p) −

𝑠

𝑝2
𝐿( 𝑓(𝑥, 0)) − 𝐼(𝑓𝑡(0, 𝑡))        

(d) LI [
𝜕2𝑓(𝑥,𝑡)

𝜕𝑥2
] = 𝑠2𝑓′′(s, p) − 𝑠𝐼( 𝑓(0, 𝑡)) − 𝐼(𝑓𝑥(0, 𝑡))     

(e) LI [
𝜕2𝑓(𝑥,𝑡)

𝜕𝑡2
] = 𝑝2𝑓′′(s, p) − 𝐿( 𝑓(𝑥, 0)) −

1

𝑝2
𝐿(𝑓𝑡(𝑥, 0)) 

Convolution and convolution theorem of the Laplace-Iman transform: 

The convolution of 𝑓(𝑥,𝑡) and 𝑔(𝑥,𝑡) is denoted by (𝑓∗∗𝑔)(𝑥,𝑡) and defined by :  

 

(𝑓∗∗𝑔)(𝑥,𝑡)= ∫ ∫ f(x − u, t − v) g(u, v)dudv 
𝑡

0

𝑥

0
 

 
The convolution is commutative, that is: 

                                        (𝑓∗∗𝑔)(𝑥,𝑡)=(𝑔∗∗𝑓)(𝑥,𝑡)  
 
This follows from the definition  it can easily be verified that the following properties of 

convolution are correct : 
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1. [𝑓∗∗(𝑔∗∗ℎ)](𝑥,𝑡)=[(𝑓∗∗𝑔)∗∗ℎ](𝑥,𝑡) (Associative) 

2. [𝑓∗∗(𝑎𝑔+𝑏ℎ)](𝑥,𝑡)=𝑎(𝑓∗∗𝑔)(𝑥,𝑡)+𝑏(𝑓∗∗ℎ)(𝑥,𝑡) (Distributive). 

3. (𝑓∗∗𝛿)(𝑥,𝑡)=(𝛿∗∗𝑓)(𝑥,𝑡)=𝑓(𝑥,𝑡) (Identity). 

Where 𝛿(𝑥,𝑡) is the Dirac delta function of 𝑥 and 𝑡. 

 

 

 

Conclusion: 

Two different single transforms were combined together to present a new double transform (𝐿𝐼𝑇), so main 

properties and theorems were generalized with proofs to solve some integral and patial differential 

equations. We concluded that (𝐿𝐼𝑇) was a powerful technique to deal with these kind of equations. 

Another applications on integro-partial differential and nonlinear partial differential equations will be 

discussed in subsequent paper. 
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Table of Functions and their Iman Transform 

 

𝒇(𝒕) 𝑰[𝒇(𝒕)] = 𝑭(𝒑) 

1 𝟏

𝒑𝟒
 

𝑡 𝟏

𝒑𝟔
 

𝑡2  
2! 
𝒑𝟖

 

𝑡𝑛   𝑛 ∈ 𝑁 𝑛!
𝒑𝟐𝒏+𝟒

 

𝑒𝑎𝑡 𝟏

𝒑𝟐(𝒑𝟐 − 𝒂)
 

sin(𝑎𝑡) 𝒂

𝒑𝟐(𝒑𝟒 + 𝒂𝟐)
 

cos(𝑎𝑡) 𝟏

𝒑𝟒 + 𝒂𝟐
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