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1. Introduction :

Pierre — Simon Laplace (1782) introduced the idea of its transform that became one of the most famous
transforms in mathematics, physics and engineering sciences. The Laplace transform was used to find out the
solution of linear differential, difference, and integral equations ,On ther hand, Iman Ahmed Almardy

modified Sumudu transform ,and gave a new technique that used to solve linear and nonlinear differential
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equations integral equations], and other applications .Whereas using single Laplace and Iman transforms to
solve equations with unkown function of two variables were hard and useless sometimes so the matheticians
as L.Debnath used the double Laplace transform to solve functional, double integral equations and partial
differential equations .While | A ALmardy solved telegraph partial differential equation by using double Iman
transform .In this paper, another double transform which called Laplace-Iman transform of function f(x,t)
was studied with properties and theorems to find out the solution of some integral and partial differential
equations. Consequently, the aim of this work is to develop a method to solve double integral and partial
differential equations easily by turning these kind of equations to algebraic ones.

2. Research problem:

Partial differential equations and double integral equations with convolution type are used to describe many
problems in the field of engineering and most applied science . The solving of these equations by Using single
transforms were more difficult than using the double transforms.

The Laplace-Iman transform as a double transform and its properties were discussed to solve these kind of
equations easily.

3. Materials and methods of research:

The inductive thinking was used to get a double integral transform. The single Laplace and Iman transforms
were combined in a double integral transform which called Laplace-Iman transform , so most of properties for
the two single transforms were generalized and most results related to the gamma function.

3.1. Basic concepts:

3.1.1. Laplace transform :

Let f(x) is a piecewise continuous function on interval [0,00[ and of exponential order so it satisfy :

lf ()| <Me*™; a>0

Then the Laplace transform of this function is defined by :

L()=L(f(x)) =J, e *f (x)dx (1)

The inverse Laplace transform is :

fO=L"Y L) = [ e*L(s)ds  (2)

3.1.2. Iman transform :
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If £ (t) is a function from the set A where:
|t]

A={f(©): IM k1,k2>0,|f(t)|<Me"J; te(—1) x[0,00[ }

Then the Iman transform of this function is:

If (O] —f f(©)e % dt (3

And the relation between Laplace and Iman transform is :

1 2
L(s) = w3 1(p*) (4)
So the inverse Iman transform has the form:

fO=17(1@) = 5 IpHdp  (5)

3.1.3. Gamma function:

F(a) is the gamma function which defined by the form

I'(a)=["e™x* tdx (6)

The gamma function satisfies many properties like :

I'(a+1)=al'(a) (7)
If aeN then,
r'@)=(a+1)! (8)

4. Discussion and results:
4.1. Definition of the Laplace-Iman transform (LIT) :
The Laplace-Iman transform of function f(x,t) of two variable X and T defined in the first quadrant of

the x—t plane is defined by the double integral in the form:

1 O 00 _an 4902
F (s,p)=LxIt(f(x,0)) =LI(f(x,1)) = Jo Jo e fx, t)dxdt (9)
Evidently, LIT is linear integral transformation as shown below :

Li(af () +Bg(e)=— [ f;” e ™" (af(x,©) + Bg(x, v)dxdt
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_ 1 00 00 _ —t 2 1 00 ~00 —t 2

—p—zfo Jo €77 af(x, ydxdt + p_zfo J, €77 Bg(x, )dxdt

Q[0 00 _on tn2 B oo poo _ —tp2

—p—zfo J, e f(x, Hdxdt + p_2f0 J, e g(x dxdt
=aLI(f(xt))+BLI(g(x,t)) (10)
Where @ and ,8 are constants.

By using the Bromwich inversion formula, The inverse Laplace-Iman transform is defined by the complex

integral formula::

1 a+ico L+ico 1 ,
(Zﬂi)zf : L, . p_zesx”p f(s,p*)dsdp (11)
a—ico —ioo

4.2. Laplace — Iman transform of basic functions :

(a)

f(x,t) = x%P forx > 0 and ©0,then

1 0 (oe]
f'"(s,p) = LI(x%t? ) = _zf j e~Sx~t0* xarbh gydt
p=Jo Jo
= foooxae_sxdxfooo pize_tpztb dt

_T(@+1)

e p~20=4r(b + 1) (12)

In particular,
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1
LI(1) = o (13)

where a>—1 and b>—1 are real numbers
Consequently if a and b are natural numbers in (12) we obtain

a! b!
LI(xt? ) = ~ari p~2b=* (14)
(b)
1 [e 0] (0] .
LI(Jo(aVxt)) =Fj j e ~S¥=tP" | (a/xt)dxdt
0 0
= [" ey (avxt)dx [, pize—tpztb dt
= [T e’ e dt =L
=52d e e 4s == (e ) (15)
(©

1
LI[H(x — xq,t — ty)] =p—2j

(e 0] (0]
2
f e ST H(x — xo,t — to)dxdt
o Jo

— (® ,-sx 1 _tp2,p
—fxoe dxfto —e~ P th qt
1 _ _5*o
= ?e toP" o™ (16)

where H(x — X, t — t;) is Heaviside function which has the formula:

H(x_xo’t_to)z{Lx_xoandt_to

0;x <xoandt < to 17)
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Atable of Laplace-lman transform can be constructed from the standard tables of Laplace and
Iman transforms by using the definition (9) or by evaluating double integrals. The above results
can be used to solve integral and partial differential equations.

4.2.1. Corollary: Let f (x,£)=g(x)h(t), then

" (s;p)=LI[f (x,t)]=L[g ()]I[h(D)] (18)
Proof: f'" (s,p)=LI[f(x,t)]=
iz j j e~S*~tP* g(x)h(t) dxdt
pP=Jo Jo

= [, e~ g()dx [ —e—w h(t) dt

=Llg()] I[h(B)] (19)

Derivative property:
If £ (s, p) =LI(f(xt)) then,

@ LI[ZZ0) = 5f (s, p) - 1£ (0,0)
Proof:

af (x,t) 1 (2% 2 0f(x,t)
L[axl Fjojoe tPdedt

1 _ of (x, -
S L e U gy ot g
X

Suppose u=e ¥, dy=L gi’t) dx then,
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= Sf (5,p) — If (0, 1)
L ZE0] = p2f (5,p) = L £ (x,0)

Proof:

of e, )] 1 (% _ 2 0f(x,1)
] =g [ e

= L (Pgsx ©  p-tp? Ut
—pzfoe dx [~ e —— dt

Suppose u=e‘tp2,dv=% dt then,

= p2f (s,p) ——Lf(x 0)
Similarly,

0% f(x,t)

()LI[ dxot

| = sp2f" (s p) = S1CrG0) = 1(£0,00)
@ L[] = 27 (s, p) - s1(£(0,0) = 1(£,(0, 1))

© L1 [ZLED] = 2 £7(5,p) ~ L( £ (6 0)) = 2L (x, 0))

ot?

Convolution and convolution theorem of the Laplace-Iman transform:

The convolution off(x,t) and g(x,t) is denoted by (f**g) (x,t) and defined by :

(Fg) ()= J; J; f(x — u, t = v) g(u, v)dudv

The convolution is commutative, that is:

(fxg) (x,t)=(g**f) (x,0)

This follows from the definition it can easily be verified that the following properties of

convolution are correct :
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1. [f*x(g**h)](x,t)=[(f**g)**h](x,t) (Associative)
2. [f*x(ag+bh)]|(x,t)=a(f**xg)(x,t)+b(f**h)(x,t) (Distributive).

3. (F+8) (x,£)=(8%+F) (x,t)=F (x,t) (Identity).

Where 5(x,t) is the Dirac delta function of X and t.

Conclusion:

Two different single transforms were combined together to present a new double transform (LIT), so main
properties and theorems were generalized with proofs to solve some integral and patial differential
equations. We concluded that (LIT') was a powerful technique to deal with these kind of equations.
Another applications on integro-partial differential and nonlinear partial differential equations will be

discussed in subsequent paper.
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Table of Functions and their Iman Transform

f(t) I[f(t)] = F(p)
1 1
p4-
t 1
pb
+2
!
p®
t" neN n!
p2n+4
eat 1
p*(p* - a)
sin(at) a
p*(p* + a?)
cos(at) 1
p4- + aZ
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