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Abstract: The covering dimension of topological spaces is considered one of the most important 

dimensions functions in dimension theory, and the locally covering dimension is no less important 

than it.  Also, it closely related to covering dimension and other topological dimensions, so, in this 

paper, we study some interesting properties of zero and local covering dimension of fuzzy 

neutrosophic topological spaces, first, we establish a zero dimensionality and covering dimension of 

fuzzy neutrosophic spaces then we find the locally covering dimension of fuzzy neutrosophic regular 

spaces. Furthermore, a quantity of appealing properties and characterizations of subset theorem, fuzzy 

neutrosophic local homeomorphism and other related properties are studied. 
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1.INTRODUCTION 

The fuzzy set was introduced by Zadeh [1] in 1965, where each element had a degree of mem- 
bership. The intuitionstic fuzzy set (Ifs for short) on a universe X was introduced by K. 
Atanassov [2] in 1986 as a generalization of fuzzy set, where besides the degree of membership 
and the degree of non- membership of each element.  Smarandache [3,4] proposed and developed 
the concept of a neutrosophic set as an improvement of a fuzzy set.  The neutrosophic sets 
become popular over fuzzy sets due to their indeterminacy component which handles the 
hesitancy efficiently and in a better way than even the highest level fuzzy set i.e. IVIFS. The 
neutrosophic set contains three independent components namely, the truth membership T , the 
Indeterminacy membership I, and the Falsity membership F. The neutrosophic phenomena 
which exist pervasively in our real world and for building new branches of neutrosophic 
mathematics, as an extension of the concept of the fuzzy set theory introduced by Zadeh. In [5] 
Salama and AL-Blowi introduced the concept of neutrosophic topological space (NTS) and in 
[6]Y.Veereswari introduced the concept of fuzzy neutrosophic topological spaces. The basic 
concepts of topological spaces are extended to fuzzy neutrosophic topological spaces by many 
authors. The covering dimension and zero dimensionality in fuzzy topological spaces were 
studied by some authors see [7,8], [9-11].In [12] we have introduced and investigated the 
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concepts of intuitionistic fuzzy coveing dimension and zero dimensionality of intuitionistic fuzzy 
topological space, in view of the definition of Chang [13] also, we studied some of them 
properties. 

In this paper a new approach to use of fuzzy neutrosophic set in dimension theory for that we introduce 
the concept of fuzzy neutrosophic locally covering dimension, we prove subset theorem and 
topological property for fuzzy neutrosophic regular space. 

In Section 2, we reviewed the basic concepts in fuzzy neutrosophic topology which are important 
prerequisites that are needed in this paper. 

In Section 3, we define the notion of the fuzzy neutrosophic covering dimension further, we de- 
velop the concept of ordinary covering dimension theory and intuitionistic fuzzy covering 
dimension using the concept of fuzzy neutrosophic topology. In addition, we prove some results 
which are similar to the classical ones. 

In Section 4, we define zero dimensionality in fuzzy neutrosophic topological spaces, we prove 
some theorems about this concept. 

Finally, in Section 5, we define the concept of fuzzy neutrosophic locally covering dimension and 
we introduce and discuss important theorems in this consept. 

 

 

2.Preliminaries 

The concept of fuzzy neutrosophic set with operations used in this study can be found in 
[3,4,14,15]. 

Definition 2.1[6] A fuzzy neutrosophic topology [ FNT for short ] on a nonempty set T is a 
family ψ of neutrosophic fuzzy sets in T satisfy the following axioms: 

(T1) 
~0T , 

~1T ∈ ψ  . 

(T2) If A1, A2 ∈ ψ, then A1 ⋂
 
A2 ∈ ψ. 

(T3) If Aλ ∈ ψ for each λ ∈ Λ, then A





 . 

In this case the  pair (T, ψ)  is  called a fuzzy neutrosophic topological space [  FNTS for short ], 
The elements of ψ are called fuzzy neutrosophic open sets [ NOS for short ]. A fuzzy neutrosophic set 
F is closed if and only if C(F ) is fuzzy neutrosophic open T . 

Example 2.2[5] Let T = {t} and R1,R2 , R3 and R4 are FN sets on T defined as follows: 
R1 = {t, 0.5, 0.5, 0.4, t ∈ T }. 

R2 = {t, 0.4, 0.6, 0.8, t ∈ T }. 

R3 = {t, 0.5, 0.6, 0.4, t ∈ T }. 

R4 = {t, 0.4, 0.5, 0.8, t ∈ T }. 
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Then the family ψ = {0∼T , 1T
∼, R1, R2, R3, R4}  is a NT on T. 

Example 2.3 Let T = {a, b,c} and M, N, C and D be IF sets on T defined as follows: 

 

0.3 0.4 0.5 0.5 0.2 0.5 0.3 0.2 0.2

0.5 0.5 0.4 0.4 0.5 0.2 0.2 0.4 0.4

0.5 0.5 0.5 0.5 0.5 0.3 0.2 0.2 0.2

0.3 0.4 0.4 0.4 0.2 0.

, ( , , ), ( , , ).( , , ) ,

, ( , , ), ( , , ).( , , ) ,

, ( , , ), ( , , ).( , , ) ,

, ( , , ), ( , ,

a b c a b c a b c

a b c a b c a b c

a b c a b c a b c

a b c a b c

M t

N t

C t

D t

=

=

=

=
5 0.3 0.4 0.4
).( , , )a b c

 

Then the family ψ = {0∼T , 1T
∼, M N, C, D}  is a FNT on T. 

Definition 2.4 Let A be a fuzzy neutrosophic set in FNTS (T, ψ), the set ψY  = { Y⋂O:OO 
ψ }is a fuzzy neutrosophic topology on Y called the induced fuzzy neutrosophic topology on Y 
and the pair (Y, ψY ) is called the fuzzy neutrosophic subspace of (T, ψ). 

Definition 2.5 A fuzzy neutrosophic set A of FNTS (T, ψ) is said to be fuzzy neutrosophic 
neighbourhood of a fuzzy neutrosophic point P if there exists a fuzzy neutrosophic open set U such 
that P ⊆ U ⊆ A (dented by FN-nbd ). 

Definition 2.6 A family 𝕌 ={U:} is said to be fuzzy neutrosophic open cover of T if and only 

if 
~1TU 



= and a collection 𝕍 ={V:} is said to be FNOS refinement of 𝕌 if
~1TU



=  and 

each V is contained in some members U of 𝕌. 

Definition 2.7[6] Let A be a fuzzy neutrosophic set of FNTS (T, ψ).  Then 

FNint(A) = ⋃{G : Gψ, G  A} is called the fuzzy neutrosophic interior of A, denoted by 

FN-int(A) or A . 
FNint(A)  = ⋂{F : Fψc, A  F} is called the fuzzy neutrosophic closure of A, 

denoted by FN-cl(A) or A . 
 

Definition 2.8 A FNTS (T, ψ) is said to be fuzzy neutrosophic regular spaces (FNRS.for short) 
if for every fuzzy neutrosophic point P in T and every fuzzy neutrosophic open set U such that 

P  ⊆ U , there exists a fuzzy neutrosophic fuzzy set V such that P  ⊆ V  ⊆ V̄   ⊆ U . 

 

Definition 2.9 A  FNTS  (T, ψ)  is  said to  be fuzzy  neutrosophic  normal spaces  (FNNS.for  short) 

if for every fuzzy neutrosophic closed set F in T and every fuzzy neutrosophic open set U such that 

F  ⊆ U , there exists a fuzzy neutrosophic fuzzy set V such that F  ⊆ V  ⊆ V̄   ⊆ U

3. Fuzzy neutrosophic covering dimension. 

 

Definition 3.1 Let T be a nonempty set. A family 𝕌 = {Uλ : λ ∈ Λ} of FNOSs in T is said 
to be of order n(n > 1) written ordFNO 𝕌 = n, if n is the greatest integer such that there exists a quisi-
coinsident subfamily of 𝕌 having n + 1 elements 
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Remark  3.2 From the above  definition  if ordF NO{𝕌 } = n, then for each n + 2 

distinct indexes 

1, 2,…, n we have 
1 2 2

...
n

U U U   +
=  then it is quisi-coinsident, in particular if 

ordFNO{𝕌} = -1, then 𝕌 consists of the empty fuzzy neutrosophic sets and ordFNO{𝕌} = 0, then 𝕌 consist of 

pairwise disjoint fuzzy neutrosophic sets which are not all empty.  

 

Definition 3.3 The covering dimension of a FNTS (T, ψ) denoted dimF NT (T ) is the least integer  

n  such  that  every  finite  fuzzy  neutrosophic  open  cover  of  
~1T has  a  finite  open  refinement  of order 

not exceeding n or + ∞ if there exists no such integer. Thus dimF NT (T ) = −1 if and only if T  = 

∅ and dimF NT (T ) ≤ n if every finite fuzzy neutrosophic open cover cover of 
~1T has a finite open 

refinement of order ≤ n. We have dimF NT (T ) = n if it is true that dimF NT (T ) ≤ n, but it is false 
that dimF NT (T ) ≤ n − 1. Finally dimF NT (T ) = +∞ if for every positive integer n it is false that 
dimF NT (T ) ≤ n. 

Theorem 3.4 The following statements are equivalent for FNTS (T, ψ). 
(1) dimFNT (T ) ≤ n. 

(2) For  every  finite  fuzzy  neutrosophic  open  cover  𝕌  =  {  U1, U2, ..., Uk }   of  
~1T there  exists  a  

finite fuzzy  neutrosophic  open  cover    {V1, V2, ..., Vk }   of  
~1T of  order  less  than  or  equal  to  n,  and  Vi  

≤ Ui, for i = 1, 2,..., k. 

(3) If    U1, U2, ..., Un+2    is  an  intuitionistic  fuzzy  open  cover  of  
~1T then  there  exists  a  non-fuzzy 

neutrosophic quasi-coinsident open cover   V1, V2, ..., Vn+2    of 
~1T

 such that Vi ≤ Ui, for i = 1, 2,.    , 

n+2. 

Proof  (1) ⇒ (2)  Suppose  that  dimFNT (T ) ≤ n  and  let  𝕌 ={U1, U2,  , Uk}  of  
~1T .  Let  𝕍  be  a 

finite fuzzy neutrosophic open refinement of 𝕌 such that ordFNO{𝕌} ≤ n, if V  ∈ 𝕍, then V  ⊆ Ui, for 

some i, let each V ∈ 𝕍 be associated with one FNSs Ui containing it. Let ηi be the union of all those 

members of V thus associated with Ui. Then each ηi is an FNOS and ηi  Ui. 

Let M = η,, η,...ηk ,  to  show  that  ordFNO{M} ≤ n,  that  is,  every  fuzzy  neutrosophic  quasi-
coinsident subfamily of ℕ contains at most n + 1 members. Suppose if possible, there exists a 
fuzzy neutrosophic quisi-coinsident subfamily Mi of M containing (n+2) members. Then there 
exists t ∈ T such that , for each ηα, ηβ  ∈ Mi, we have 

 µηα (x) + µηβ (x) > 1, that is µηα (x) > µηβ (x). Now, since

{ : ,as associated in the construction of }i i iv V v U
   =    

(σ = α, β), and since 𝕍 is a fuzzy neutrosophic finite cover of t ∈ T .and 

µηβ (t) = max{µv1β (t), ..., µvsβ (t)}. 

If we choose Vkβ and Vlβ  such that µηα (t) = µVkα (t) and µηβ (t) = µVlβ 
(t). 

Clearly, We get Vkα andVkβ fuzzy neutrosophic quasi-coincident at t. In this way we obtain 

corresponding to every fuzzy neutrosophic quasi-coincident pair ηxα and ηxβ at t, a pair Viα 
andViβ  of V ,s which are distinct in themselves as well as distinct from others and fuzzy neutrosophic 

quasi- coincident at t. 
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The collection of all these members of 𝕍 chosen above constitute a fuzzy neutrosophic quasi- 
coincident subfamily of V having n + 2 members. This is contradiction to the fact that ordF NO{U} ≤ n. 
Thus ordF NO{𝕌} ≤ n 

The proof of (2) ⇒ (3) , (3) ⇒ (2) and (3) ⇒ (1) follows immediately from Theorem (3.5) of [12].■ 

Proposition  3.5  Let  (Y, ψY )  be  a  fuzzy  neutrosophic  closed  subspace  of  FNTS (T, ψ).   Then 
dimFNT (Y) ≤ dimFNT (T ). 

Proof  Since Y is a neutrosophic fuzzy closed subspace of T, µY  is a neutrosophic fuzzy closed set 
in T. We must show that if dimFNT (T ) ≤ n, then dimF NT (Y ) ≤ n,. Clearly if dimF NT (T ) = 

−1, then 
~0TT =  and hence 

~0TY = , then dimF NT (Y) = −1 , and if dimF NT (T ) =    , then the 

theorem is obvious. 

Suppose that dimF NT (T ) ≤ n < ∞ and let 𝕌Y = {U1
Y , U2

Y , ..., Un
Y } be an open cover of

~1Y . Then 

𝕌 = {U1, U2, ..., Uk − µY } is neutrosophic fuzzy open cover of 
~1T

 so 𝕌 has a neutrosophic fuzzy 

open refinement 𝕍 such that ordF NO{𝕍} ≤ n, let𝕍Y  = {V |Y  : V  ∈ 𝕍} we claim that ordF 

NO𝕍Y  ≤ n, let 
1 2 2

{ , ,..., }
n

Y Y Y

i i iV V V
+

be a subfamily of 𝕍Y, since ordF NO{𝕍} ≤ n, and since 

1 2 2
{ , ,..., }

ni i iV V V
+

 is a subfamily of 𝕍 having n + 2 members which is non-overlapping. That is 

for each t ∈ T  and in particular for each 

 t ∈ Y  there exists subscripts iq, ir such that ( ) ( ) 1
i iq r

V Vt t +    ,i.e   

( )
iq

V t  ≯ ( )c
ir

V
t or ( )

iq
V t ≮ ( )c

ir
V

t or ( )
iq

V t ≮ ( )c
ir

V
t

[3,4]
 

 

This in turn implies that every subfamily of 𝕍Y having n + 2 members is non-quasi-coincident 

and hence ordF NO𝕍Y ≤ n. Thus dimFNT (Y ) ≤ dimF NT (T ).■ 

 

4.Zero dimensional in fuzzy neutrosophic topological spaces. 
 

Proposition 4.1 Let (T, ψ) be a FNTS, then dimFNT (T ) = 0 if and only if every finite fuzzy 

neutrosophic  opn cover of 
~1T has has a refinement consisting of disjoint crisp clopen neutrosophic fuzzy 

sets. 

Proof   By  Remark  (3.2)  if  𝕌  = {  Uλ   :  λ    Λ}    is  a  disjoint  crisp  clopen  cover  of 
~1T  then 

ordF NO𝕌 = 0 and hence dimF NT (T ) = 0. 

Now, let   = {  Uλ   :  λ    Λ} be a finite fuzzy neutrosophic open cover of 
~1T , since dimFNT (T ) = 0, there 

exists a finite open refinement 𝕍 = { V1, V2, ..., Vk } of 𝕌 such that ordF NO𝕌 = 0, it follows that every 

pair of elements of V are non-overlapping. Now, we show that each member of 𝕍 is crisp clopen fuzzy 

neutrosophic set, let Vi  𝕍 then Vi is non-overlapping with the union of remaining 

members of 𝕍 which is an open fuzzy set, since V is also cover of 
~1T that is 

~( ) 1i j T

i j

v v


=  

and since for each i, Vi is non-overlapping with, j

i j

V


 we have ( ) 0i j

i j

v v


= , fo each i. 

Hence 
~1i j T

i j

V V


+ =  by  definition   each  
~1i j T

i j

V V


+ =  is  crisp  and  clopen  fuzzy 
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neutrosophic set in T and by Remark (3.2) the members of 𝕍 are pairwise disjoint.■ 

 

Proposition 4.2 If T = {t} is singleton space and (T, ψ) is an FNTS. Then dimF NT (T ) = 0. 

Proof Let 𝕌 = {U } be a singleton family of fuzzy neutrosophic open sets which is a fuzzy neutrosophic open 

cover of 
~1T , there is a fuzzy neutrosophic open refinement of 𝕌 which is 𝕌, then 𝕌  = 

~1T but the ordF NO{𝕌 

} = 0 it follows that dimF NT (T ) = 0 .■ 

 

Theorem 4.3 A closed subspace (Y, ψY ) of zero dimensional FNTS (T, ψ) is also zero-dimensional. 

 

Proof  Let  𝕌Y    =  {UY , UY , ..., UY }  be  an  fuzzy  neutrosophic  open  cover  of  
~1T ,  then  𝕌  = 

{U1, U2, ..., 
~1T − ψY } is a fuzzy neutrosophic open cover of 

~1Y , by Proposition (4.1) 𝕌 has an open refinement 

𝕍 consisting of disjoint crisp clopen fuzzy neutrosophic sets such that ordF NO{𝕌} = 0 

, let VY = {V |Y, V ∈ V } we claim that ordF NO𝕍Y = 0, since V consisting of disjoint crisp clopen fuzzy 

neutrosophic sets, this implies that VY consisting of disjoint crisp clopen fuzzy neutrosophic set, since ordF NO 

𝕌 = 0 and dimF NT (T ) = 0, then by Proposition (3.5) we get ordF NOVY= 0 and dimF NT (Y ) = 0.■ 

 

 
5. Fuzzy neutrosophic Local dimension 

 
In this section the concept of locally covering dimension and Local home of FNTS are introduced, 

same theorem about them are extended and proved. 

Definition 5.1 The local covering dimension of non-empty FNTS (T, ψ) denoted by LocdimF NT (T ) is the least 

integer n such that for every FNP P in T there exists some open fuzzy neutrosophic set 

U with P  ⊆ U  such that dim ( )FNT U n   or ∞  if there exists no such integer. 

 

If 
~1TT =  i.e.  T is empty, then LocdimFNT (T ) = −1 . 

 

Thus LocdimFNT (T ) is the least integer n such that there exists a fuzzy neutrosophic open cov- ering  𝕌  = {   Uλ  :  

λ   Λ}    of  1T
∼  such  that  dim ( )FNT U n ,  for  each  λ   Λ   and  every  nonempty FNTS T. 

 

If LocdimF NT (T ) ≤ n, P is an FNP in  T and a fuzzy neutrosophic open set U such that P  ⊆ U , then there 

exists a fuzzy neutrosophic set V such that P  ⊆ V  ⊆ U  and dimF NT (V̄  ) ≤ n.  For there exists an  fuzzy  

neutrosophic open set W such that P  ⊆ W  and dimF NT (W̄ ) ≤ n. 

 

Hence  LocdimF NT (T ) ≤ n,  if  and  only  if  for  every  finite  fuzzy  neutrosophic  open  cover  of  
~1T has an fuzzy 

neutrosophic open refinement 𝕌 = {Uλ : λ ∈ Λ}, say, such that dimF NT (Ū  ) ≤ n, for each 
 

Clearly LocdimFNT (T ) ≤ dimF NT (T ). 

 

According to the above definition we prove the following open subset theorem for fuzzy neutro- sophic regular 

space. 

 

Theorem 5.2 If (Y, ψY ) is a fuzzy neutrosophic open subspace of fuzzy neutrosophic regular 
space (T, ψ), then LocdimF NT (Y ) ≤ LocdimF NT (T ). 
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Proof Suppose that LocdimF NT (T ) = n. To prove that LocdimF NT (Y ) ≤ n. Let P be a 
fuzzy neutrosophic point in Y, then there exists a fuzzy neutrosophic open set U of P in X such 

that dim ( )FNT U n
   

Let TY be a fuzzy neutrosophic set in Y, then T = U ⋂TY  , and since (T,  ψ) be a fuzzy neutrosophic 

regular space there exists an fuzzy neutrosophic open set V in T such that P V V T   then 

V is a FN-nbd of P in ψY and  V  is the closure of V in  Y , and since YV T U T   

 this implies that V U , this show that V is a fuzzy neutrosophic closed in U it follows that dim ( )FNT V n

then LocdimF NT (Y ) ≤ n and hence LocdimF NT (Y ) ≤ LocdimF NT (T ).■ 

 

Definition  5.3 Let (T, ψ) and (Y, δ) be two FNRTSs.  A continuous function f : (T, ψ)  → (Y, δ) is said to be 

fuzzy neutrosophic local homeomorphism denoted (FN-Lochome.), if for each fuzzy neutrosophic point P in 

T has an open FN-nbd U such that f (U ) is fuzzy neutrosophic open in Y and the function f |U : U → f (U 

) is an FN- home. 

Theorem 5.4 Let (T, ψ) and (Y, δ) be two FNRTSS, and f : (T, ψ) → (Y, δ) is a surjective FN- 
Lochome. Then LocdimF NT (T ) = LocdimF NT (Y ). 

 

Proof   Clearly  if  LocdimF NT (T ))  =  −1  and  Y  is  homeomorphic  to  T,  then  
~0YY =  and 

LocdimF NT (Y ) = −1, also LocdimF NT (T ) = ∞ follows directly. 
 

Suppose that LocdimF NT (T ) = n, and let P be a fuzzy  neutrosophic  point  in  T,  there  exists  an open 

FN-nbd U of P such that f (U ) is an fuzzy neutrosophic open set in Y and f maps U home- omorphically 

onto f (U ), since Y is FNRS. there exists a fuzzy neutrosophic open set H in Y such that 

( )P H H f U    ,  and dim ( )FNT H n  .   Since  H  is  a  fuzzy  neTutrosophic  open  set  Y then 

1( )f H− is an fuzzy neutrosophic open set in T.    If 1( )V f H U−=   then V is a fuzzy neutrosophic open 

FN-nbd of P and V  is homeomorphic with H and since T is an FNRTS, 
 

We have P V V U   so  that  dim ( )FNT V n then  by  definition  we  have  LocdimF NT (T ) ≤  n. 

Henc LocdimF NT (T )) ≤ LocdimF NT (Y )…. (1) 

Now,  suppose  that  LocdimF NT (T )   ) ≤  n,  and  let  q  be  fuzzy  neutrosophic  point  in  Y  and 

f  : (T, ψ) → (Y, δ) surjective there exists a fuzzy neutrosophic point P in X such that  

f (P ) = q, and there exist, a fuzzy neutrosophic open FN-nbd U of P such that f maps U 
homeomorphically onto f (U ), which is an open FN-nbd of q, and since (T, ψ) is FNRs., there 

exist a neutrosophic open set V in X such that p ⊆ V  ⊆ V̄   ⊆ U  and by definition  

dim ( )FNT V n  . 

 
Since 

1( )V f H U−= then 
1( ) ( ( ) ) ( )f V f f H U H f U H−= = =

,,
(since ( )f H U= ) 

 
therefore f(V ) = H, then H is an open FN-nbd of q and H is homeomorphic with V ,so that 
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dim ( )FNT H n
,
ThusLocdimFNT (Y )  n. Then LocdimFNT (Y ) LocdimFNT (T). … (2)  

 

From(1) and (2), we get LocdimF NT (T )) = LocdimF NT (Y ).■ 
 

6.Conclusions. 

 

In the present research, we introduced the concept of covering dimension and zero dimensionality of 
fuzzy neutrosophic space, We studied some of their properties and theorems. Also, we intro- duced 
the concepts of locally covering dimension ,we extended and discussed some theorem to fuzzy 
neutrosophic space. As a more generalization, in our next work, we will use fuzzy neutrosophic space 
to define the fuzzy neutrosophic local small inductive dimension and fuzzy neutrosophic local large 
inductive dimension with study of relationship between the concepts of dimension and local 
dimension for covering and inductive dimensions, in particular, we will study dimensionality and 
locally dimensionality for fuzzy neutrosophic normal and regular spaces. 
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