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Abstract- In this paper, we inaugurate the exact solutions for
rotational and oscillations of Maxwell fluid through a cylindrical
region. Maxwell fluid model has abundant significance in
engineering and industrial applications Due to its considerable
interest in the technical field such as glass-fiber, paper
production, application of paint, food processing and biological
transportation. This thesis is trying to scrutinize the heat transfer
analysis in mixed convection flow of Maxwell fluid over an
oscillating cylinder with the impact of magnetic field and
constant well temperature. The problem is modelled in term of
partial differential eq. with initial and boundary condition. Non-
dimensional variables are used to transform the governing
problem into dimensionless from. The dimensionless form is
fixed via the process of transformation of Laplace and Hankel to
determine the proper solution for velocity, shear stress, and
temperature. The solution for MHD and porous, Newtonian and
Non-Newtonian fluid is also obtained as a special case and some
visual descriptions are addressed at the end.

Keywords- Maxwell fluid, oscillating flows, velocity field, shear
stresses, Laplace and Hankel transforms.

1. Introduction

Heat transfer in fluid has noteworthy attention due to its wide
application in Geothermal process, Petroleum reservoirs,
Chemical catalytic reaction, Nuclear waste repository etc. The
cylindrical fluid flow is indeed applicable in the food industry,
chemistry of oil exploitation, bioengineering, etc [1]. Researchers
proposed a number of mathematical models to explain the
physical structure of Non-Newtonian fluid, subcategorized by
differential form fluid or rate type fluid. Most of the researchers
have keen interest to study in rate type fluid because they
incorporate in both the elastic and viscous effect together.
Maxwell model used to investigate the rheological effect, that is
the first simplest model of rate type fluid [2-7]

In 1867 James clerk Maxwell recommended this model.
Initially, to demonstrate the elastic and viscous reaction of air,
the Maxwell fluid model was introduced [3, 4, 6, 7]. However, it
was frequently used in various viscoelastic fluid. Furthermore,
Friedrich’s researches were executed in this direction [8]. Haitao
and Mingya [9] studied fractional Maxwell model in channel.

http://xisdxjxsu.asia

VOLUME 18 ISSUE 8 August 2022

Department of Mathematics, Sir Syed University of Engineering & Technology, Karachi, Pakistan

Maxwell model took the first place in the list of Non-
Newtonian fluid [4]. The flow characteristic of Non-Newtonian
fluid pays a significant role in industry and engineering, further
more exact solution of viscous fluid problem is also great
importance in literature Jamil et al [10]. An unstable flow of
generalized Maxwell fluid between two cylinders was
investigated. In other exploration Jamil et al [11] observed
helices of fractional Maxwell fluid. Jamil [12] evaluated slip
effect on oscillating fractional Maxwell fluid. Zheng et al [13] for
oscillatory and continuously accelerated plate motion, the exact
solution for generalized Maxwell fluid was achieved. Zeng el al
[14] the same fluid model for heat mass transfer in the hyperbolic
sine accelerating plate was further investigated. Fetecau and
Fetecau [15] a new detailed approach to the Maxwell fluid flow
in an infinite plate was studied. Another research they conclude
exact solution by mean of Fourier sin transformation for an
incompressible Maxwell fluid [16]. Jamil et al [17], Vieru and
Rauf [18] Vieru and zafar [19] and Khan et al [20] they focused
on heat transfer analysis, in the field of mixed convection flow
over an oscillating vertical layer. Madeeha Tahir, M. A. Imran,
N. Raza, M. Abdullah, Maryam Aleem [21] The heat transfer
effect of Maxwell fluid over an oscillating vertical plate was
observed and investigated that temperature can be enhanced for
increasing the fractional parameter @ while velocity and shear
stress can be increased by decreasing the value of fractional
parameter a, with a new definition of fractional caputo fabrizio
derivatives. Corina et al [22] gave a major experiment on
Maxwell fluid flow by the use of integral transformation in the
account of continuously accelerating plate and also found the
velocity and Shear Tension. For Maxwell fluid with and without
MHD effect and porous medium, Khan [23] implemented sine
and cosine oscillation. He observed the steady and transient
solution for wvelocity and Shear Stress. Nadeem et al [24]
proposed the fractional solution to intermittent unidirectional
flows of a viscoelastic Maxwell type fluid with MHD effect on
the regulation of non-linear partial diff equation was also
calculated. K. Q. Zhu, K. X. Hu, D. Yang New developments in
fluid mechanics Analysis using Heaviside Operational Calculus
for Fractional Element of Viscoelastic Fluids [25]. W. Akhtar, M.
Jamil, was working on a Maxwell fluid’s axial Couette flow due
to shear stress depending on longitudinal time [26]. S. Wang, M.
Xu, evaluated analytical solutions with fractional derivatives on
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unsteady Couette flow of generalized Maxwell fluid [27]. Z.
Zhang, exploring oscillatory convection in a viscoelastic fluid-
saturated porous cylinder [28].

Convectional energy transfer is highly necessary and happens in
a number of physical conditions [29]. In contrast to the other two
forms of convection (free, induced, and mixed), mixed
convection has gained less study. Mixed convection occurs as
induced and free convections occur simultaneously. This effect is
most frequently found in channel flow as a result of channel wall
heating or cooling. Mixed convection energy transfer is
investigated in a variety of physical conditions with a variety of
boundary constraints. Fan et al. [30] investigated energy transfer
in a horizontal channel filled with Nano fluids due to mixed
convection. M Sheikholeslami, MM Bhatti [31] investigated
forced convection of nanofluid in presence of constant magnetic
field considering shape effects of nanoparticles. The buoyancy
force is responsible for free convection in mixed convection
energy transfer, according to Aaiza et al. [32], and at least one of
the two non-homogeneous boundary conditions on velocity or
external pressure differential results in forced convection. We
find Kumari et al. [33], Tiwari and Das [34], Chamkha et al. [35],
Sheikhzadeh et al. [36], Prasad et al. [37], Hasnain et al. [38], and
Ganapathirao et al. [39] among the relevant studies on mixed
convection energy transfer. However, the majority of these
energy transfer experiments were limited to basic geometrical
configurations.

The aim of this paper is to determine the precise Maxwell fluid
heat transfer solution with an MHD and porous effect over a
cylindrical area oscillation where the motion of the fluid is
longitudinal. We determine the exact transitional solution of the
standardized  Maxwell ~ fluid model for sine and
cosine oscillation with MHD and porous effect of velocity as u,
(r,t) and ug(r,t), shear stress as 7.(r,t) and 7,(r,t) and
temperature as T'(r,t). The generated solution can satisfy all
initial and boundary conditions. As special cases we determine
both Newtonian and Non newtonian solutions of Maxwell fluid
with and without MHD for velocity field, shear stress and
temperature. Also we get Newtonian and Non newtonian fluid
solutions of Maxwell fluid with and without porous effect for
velocity field, shear stress and temperature. Because there has
been no research in this domain so we can use preceding
methodology to determine the both Newtonian and Non
newtonian behavior of Maxwell fluid model in simplest form and
can obtain simplest solutions with some graphical representation.

2. Governing equation and its formulation:

Imagine a Maxwell fluid in-compressible over an
oscillating vertical cylinder. Initially, both the fluid and the
cylinder are at rest with a constant temperature of T,,, when t =
0. Rotation and vertical oscillation begin with any boundary
conditions between the fluid and the cylinder’s wall at the time
t = 0%. Temperature is raised to the constant value T,,. Under
the consideration as shown in Figure (1), a well define Maxwell
fluid model in term of the partial differential equations is defined
as,
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9 ou 9 1 ] ﬂz uep
A+250% = VG2 rar at @)
+(1+ /15)9/6’1 (T —To).
d du
(1+A5)r=p=. (2)
2 10
G, ( )— K(arz ;a—r)T (3)
u(r,0) =0, T(r,0)="Tur=(0,%),t>0, (4)
u(R,t) = U,H(t)cos(wt), or u(R,t) = U,sin(wt), (5)
T(Rt) =T, (6)

Eqg. (2-6) are the initial and boundary conditions. After the

implementation of some parameters of dimensionless quantities

into Eq. (1-3) (For simplicity, the sign is discarded ), we obtain

o 0u 02 10

at’ ot (drz rar)ua M@ +/1—)u (7)
+ G (1+ AT,

A+21=

d d
(1+2A5)7 = a—:. (8)
oT 1 92> 190
Gr =E(W+;§)T' 9)

Parameters of dimensionless quantities;

,_u t*_tv T*_T—Tm LT /1*_/11/
A “r Tr,-1,, T TR’ R
_ Rt *_wRZ
=0 =

R T, of2R? R? Cv
G, = 9B ( )' M= B: = HPRS . b= pCpv
vU, pv v K

Here, G, = Grashoff number, M = Magnetic effect, i = porous
effect, P. = prandtl number.

Similarly, by applying some parameters of dimensionless
guantities into Eq. (4-6), we get.

u(r,0) =0, T(r,0)=Tur=(0,1),t>0, (10)
u(l,t) = cos(wt), or u(l,t) = sin(wt), (11)
T(1,t) = 1. (12)
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3. Transformation of partial differential
equations:
3.1 Integral transforms:

The g(y) function defined inc < y < d isageneral integral
transform and is denoted by G (x) and defined by,

d
G(x) = f K(y,2)9() dy,

here, K(y, x) is the transformation’s integral kernel. There are
too many integral transformations to solve various equations like
Laplace transform, finite Hankel transform, Fourier sine
transform etc.

3.2 Laplace transform:
The Laplace transform is a function, usually described as,

o t
L{gt)}=g(s) = f e Stg(t)dt = tlim f e Stg(t)ydt Res
0 —%Jo
>0,

while the inverse Laplace transform L= g(s) is given by,

—1{g(s)}=g(t) = f;?; estg(s)ds, x> 0,s >0,
3.3 Inverse Laplace transformation:
The inverse Laplace transform £71{g(s)} is defined as,

LG} =9(t) == [7 eStG(s)ds; x>0,

2mi

3.4 Finite Hankel transform:

If g(r) is defined in 0 < r < R, then the nth order Hankel
transformation of the function g (r) is represented as,

R
Holg ()} = Gu(r) = fo rg(u(r r)dr,

here, J,(¢) would be the first component of Bessel feature
throughout the nth order and r=(0<n <7, <...... 7,) IS
perhaps the positive root of the J,,(R,,) = 0 model.

3.5 Inverse Finite Hankel transform:
The inverse finite Hankel transform is defined as,

jn(r ri)

—1715 (1 2 _(R)
Hy [Gn(r)] — ],%+1(R )

=9 =1 Gn ().
3.6 Mixed Laplace and Finite Hankel transform:

In current years, mixed Laplace and finite Hankel transformation
of the order (n = 0,1) are used to solve partial differential
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equations involving fractional calculus cylindrical
coordinates [16]. one of them use in the paper define below,

polar

R 102Uy (r,q) 16u(r q)
Jo r( (;Irz +r )]( r)dr

=R " ]1 (R rn)u(Rr q) - rnzﬂH(rnr q)

4. Analytical solution of temperature, velocity and
share stress:

4.1  Temperature computation:

Taking Laplace transformation of Eq. (9) and Eg. (12) and using
initial condition of Eq. (10), we get.

TG0 =5 (302 + 532 T 0 (13)
T(1,q) =—- (14)
Taking Hankel transformation in Eq. (13), we get.
ATa®) = 3 Ik GOTOD) ~ TG (15)
Simplify Eq. (15), we get.
Ty () = #&riz) (16)

To satisfy the boundary condition add and subtract Eq.(16) by
]1(7"71)

g e get.
= /1(7"11) J1 (1)
Th(h@) =—————=~
! W g+ ) (17)
Taking Laplace inverse transformation to Eq. (17), we get.
J1(m)  Ji(m _rnzt
Ty, t) = 15 )— S )exp( P ). (18)
Taking Hankel inverse transformation in Eq. (18), we get.
_Tnt ] (7’ rn)
T =1-2
()= Z PG (19)

Hence, the above equation is the exact solution of temperature.

4.2 Velocity calculation: (for cosine oscillation.)

In order to find exact solution of velocity field, we take Laplace
transformation in Eq. (7), we get.
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2
A+ MA+29)qu = (6r2 e -—)

+Aq)T.

u—M+yPu+a6,.(1 (20)

Taking Hankel transformation in Eq. (20) and applying Laplace
transformation in Eq. (11), we get.

(@+MAq+ Ag?> + M + Y + 1.2 quy

r’Jl(r")q +G,(1+ Aq)Ty,

- (21)
P+

"1 (Tn)

here, Ty (1. q) = TR

Put in Eg. (21), we get.
uy (1, q)

1 ()% (Prq +17) + G (1 + 1) (¢* + 0?)]

_ (22)
@@+ )P+ (g +AgM + A% + M+ + 1)

qJ1(mn)
2+ 2)

Add and Subtract by in Eq. (22), we get.

uy (1 q)
qJ1(r)
(g% + w?)
12q*(Bq + 18) + 176 (1 + A9)(¢* + w?)
J1(r) {_ 2 2 2 2 }
Aq°(qB- + 1)@+ AgM + Aq° + M + Y + 137)
1q(q% + 0D (Bq +1D)(q + qM + A2 + M+ +12)

(23)

Assuming a and b from Eq. (23) as,

=1+ M) + 1+ M22% — 2MA — 42 + 4r;22
h 21 ’

—(1+ MA) — 1+ M2)2 — 2MA — 42 + 41,22
21 ’

b=

we get,
aH(rn!Q)
_ qjl(rn)
a (g% + wZ)
an (Prq+rn)+rnG (1+/IQ)(Q tw )
B ot e (e ) |
1,q(q% + 0?)(P.q +1:7)(q — a)(q — b)

(24)

+

Taking Laplace inverse transformation in Eq. (24), we get.
Jcosot Jy()| G, | GrPrexpGOE +5D)
T, Ar, ab (aP- +1,2)(bP. +1%)

Uy (rn! t) -

N r2exp(at){a3(G.A + P.) + a?(G, + 1;2) + aG, Aw? + G.w?}
a(a — b)(aP. + r?)(a? + w?)

r,2exp(bt){b3(G A + B.) + b?(G, + ;2) + bG, Aw? + G,w?}
* b(—a+ b)(bP. + 12)(b? + w?)
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{ab( abd + 1,2) — Aw?(a? + b? + 0?) — rZw?}coswt — r2w(a + b)sinwt
(b? + w?)(a? + w?)

Taking Hankel inverse transformation in Eq. (25), we get.

G, Prexp(F0) (=P, + 250)
(aP, + 1,2)(bP, +12)

cion=emes 23 2
n=1 n

r2exp(at){a3(G,A + P.) + a®(G, + 1;?) + aG, Aw? + G.w?}
a(a —b)(aP, + r2)(a% + w?)

r2exp(bt){b3(GA + P.) + b2 (G, + 1;?) + bG, Aw? + G, w?}
b(—a + b)(bP, + r2)(b? + w?)

| (@5

{ab( ablA + 1;2) — Aw?(a? + b? + w?) — rZw*}coswt — rw(a + b)sinwt

(b% + w?)(a? + w?)

Above equation is the exact solution of velocity field for cosine
oscillation of cylinder with MHD and porous effect.

4.3 Shear stress calculation: (for cosine
oscillation.)
Taking Laplace transformation on Eq. (8), we get.

_ ou
A +Aq)7T=75". (27)
Take Eg. (22) and consider a and b as,
=1+ M) + 1+ M22%2 — 2MA — 42 + 421
= 3 ,
. —(1+ MA) — /14 M222 — 2MA — 4P + 41,22
= ZA ’
we get,
aH(‘r‘rqu)
_thG)ma® (Ra+70) + 6 (1 +249)(@° + 0*)] (28)

q(q* + 0¥ (P.q +12)(q—a)(q—b)

Applying inverse Hankel transformation

substitute in Eq. (27), we get.

in Eg. (28) and

(1+/1q)r
_ Zrn/(rrn) a*(hq + 1)+ G (1+2q)(q° +w2)
J1(%) /161(612 +w?)(Pq +1,7)(q —a)(q — b)

= 1(r,q)
B Zi 12, (rry) {qZ(Prq+rn)+G (14 29)(¢* + w?) }
L)+ 29) (A9(q? + 0D (Pg + 1) (g — ) (g — b)

Taking Laplace inverse transformation in Eq. (30), we get.
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T.(1,t)
N ()
=2 Z AR+ 1)1 (7, ab
exp(at){a (G A+ P) + a?(G, + 1;2) + aG,.w?A + G.w?}
+ 2@+ DA+ ad)(@ + w?)

N exp(—bt){b3(G, A+ P.) — b?(G, + 1;2) + bG,w?*1 — G,w?}
b(a+b)(—1 + bA)(b? + w?)
Aexp(—3) (P, + Ar?)
(1+ a) (=1 + bA)(1 + 22w?)

{(ab + w®)(#? + Ap,w?) + w?(—a + b) (P, — Ar;?)}coswt
- (@% + w?) (b2 + w?)(1 + L2w?)

{ aw(r? + APrw?) + bw (2 + Aw? — r2w?) + ab(Prw — Ar?) + Prw3}sinwt
@+ w?)(b? + w?)(1 + 2w?)

| @

Above equation is the Exact solution of shear stress for cosine
oscillation of cylinder with MHD and porous effect.

4.4  Velocity calculation: (for sine oscillation.)

By following the above procedure of calculating velocity field
equation for cosine oscillation, we conclude the exact solution
of velocity field for sine oscillation of cylinder with MHD and
porous effect, given as.

_ NAGON [
ug(r, t) = sinwt + 2 Z Fey (Tn) ab

G Pexp( )( P+ Ar%)
(aP. + rnz)(bPr +r2)

+

N rZexp(at){a®(G, A+ P.) + a?(G, + 1;2) + aG, Aw? + G,w?}
a(a—b)(aP, +12)(a% + w?)

N r2exp(bt){b3(G.A + B.) + b?(G, + 1;2) + bG Aw? + G, w?}
b(—a + b)(bP. + r2)(b% + w?)

{ab( abl +1,2) — Aw?(a? + b? + 0?) — nw?sinwt + n2w(a + b)coswt
(b% + w?)(a? + w?) '

(32)

4.5  Shear stress calculation: (for sine
oscillation.)

Similarly, by using above procedure of calculating shear stress
equation for cosine oscillation, we conclude the permanent
solution of shear stress for sine oscillation of cylinder with
MHD and porous effect as given below.
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(1, t)

_oN ) [
B A(P + rn)]l (rn)

exp(at){a3GT/1 + a?(G, + P.w) + aw(G Aw + 1;2) + G,w?}
+ a(a+ b)(1 + at)(a? + w?)

N exp(—bt){b3G,A — b?(G, + P,w) + bw (G Aw + 1;2) — G,w?}
b(a+ b)(1+bA) (b2 + w?)
exp(— i) (B — ArH)wA?
(1 + ah) (=1 + b (1 + F2w?)

{{ ab(r? + AP.w?) — P.w?*(a — b) — r2w?}sinwt }
{w(ab + w?)(P. — 11;3) — w(a + b) (2 + AP.w?)}coswt

(@ + w?)(b? + w?)(1 + 212w?) (33)

—

5. Special cases:
5.1 Maxwell without MHD: (M - 0)
5.1.1 Velocity computation: (for cosine oscillation.)

Taking Eq. (23), by substituting M — 0 and assuming c and d
as,

-1+ T4~ 42A
- 21 ’
gt —J1-4p — 422
- 21 :
Eq. (23) become,
Uy (T, q)
_ qJ1(1)
(g% + w?)
(PG D RGO+ G 0D ) (34)
U -q?(gP + (@ — o) (g —d)

1,q(q% + w?)(P.q + 1,7)(q — ©)(q — d)

Taking inverse Laplace and Hankel transformation, we get.

Gy Prexp(EE) (=P, + A1)
(cP.+12)(dP.- +12)

u.(r,t) = coswt + 2 Z /1]7;_(]:?;)) &
n=1 n

N r2exp(ct){c3(G,A + P.) + c2(G, + 1;2) + cG Aw? + G,w?}
c(c—ad)(cB + 1r2)(c? + w?)

+Tnexp(dt){d3(G A+ B) +d?(G, + 1;2) + dG,Aw? + G,w?}
d(—c + d)(dP, + r2)(d? + w?)
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{cd( cdd + 1) — Aw?(c? + d* + w?) - niw 2}cosmt—rnm(c+d)smmt]. (35) 5.1.4 Shear stress: (for sine OSCi”ation.)

(d? + w?)(c? + w?) ] . .
We conclude exact solution of shear stress for sine oscillation

Above equation is the exact solution of velocity field for cosine ~ Without MHD effect as,

oscillation without MHD effect. & fo)
_ zz o (rmy) [
R R . . . A(P + rn)jl(rn)
5.1.2 Velocity computation: (for sine oscillation.) exp(ct){c G+ (G + Pw) + cw (G Aw +12) + Grow?)
Assuming M — 0, we obtained exact solution without MHD + c(c+d)(1+c)(c? + w?)
effect.
) =Smwt+zi L) |6, GrRepGE ) (=P + Ar2) L EPAD(E G, — &G, + Pw) + do(G,A0 + 1) = G0}
S L ArJi(r) fed (e + rnz)(dPr +77) d(c+d)(1 + dA)(d? + w?)
exp(— )(P - ) w
2,42
N r2exp(ct){c3(G,A + P.) + ¢ (G, + 112) + ¢cGAw? + G,0w?} (1 FeD)(E1+d) A+ Fw?)
c(c—aA)(cP. +12)(c% + w?)
{{ cd(r? + AP.w?) — B.w?(c — d) — nw?}sinwt }]
{w(cd + 0w?)(B. — An2) — w(c + d) (132 + AB.w?)}coswt I 39
L Twexp(@{d(GA+ B + d*(G, + 1) + dG,Aw® + G,0%) (€ + 02)(d + wd) (1 + 2w?) J (39)
d(—c + d)(dP, +1.2)(d? + w?)

{cd( cdA +12) — A2w?(c? + d? + w?) — r2w?}sinwt + r2w(c + d)coswt

@+ D) + w?) ] (36) 5.2 Newtonian with MHD and porous: (4 - 0)

5.2.1  Velocity: (for cosine oscillation.)
Taking Eq. (23) and by substituting A — 0, we obtained.

5.1.3 Solution of shear stress: (for cosine

oscillation.)
Taking Eq. (30), by replacinga = cand b = d, we get. uy
— q]l(rn)
T 7,(q% + w?) (40)
_ ZZ LI AGUD) {qz(Prq +1) + G (1+19)(¢° + w?) } (37) ] {rnzqz(Prq + 12) + 112G, (g% + w?) }
M) (1 +29) (Aq(q* + @) (B + 1) (g —c)(q — d) 1(1) —q*(qP. +rtH(@+M+yY +12)

mq@* + 0 )(Pq+r)(@+ M+ +17)
Taking inverse Laplace transformation in Eq. (37), we get.

By replacingg = M + ¢ + 7?2 and taking inverse Laplace and

() Hankel transformation, we get.
rn] (rrn) _G‘r
A(P +1)/1 (%) e 1.(rr)
N exp(ct){c (GA+P)+ cz(Gr +72) 4 cGrw?d + G,w?} Uc = coswt + 2 Z rnh(rn) -
clc+d)(1+cA)(c? + w?) n=t
o A 3 2 d 25— + exp (Tn Przwz) —T (PZ —T )}
4 p(—dt){d3(G, A+ P) — d*(G, + ;) + dG,w G,w?} Pr(gpr 7 + P2w?)

d(c+d)(— 1+d/1)(d2+a)2)
Aexp(——)( P+ Ar?)
A4+ D(1+dV)(1+ 12w?)

L TReD(-gOIG (9 ~ 0P + ° (g = P}
9(gP — 1) (w? + g%)
{gPrtw(r? — w?) + rEw3(P? — r2)}sinwt
{=(cd + 0 (1 + Aprw?) — w?(—c + d) (P, — AnH)}coswt > —— 7
{+{ co(i + AP,w?) + dw(r? + Aw? — 120?) + cd(Bw — 1) + Bo%sinwt } (38) (g* + w?)(r + Bw?)
(€ + w)(d? + ) (1 + Lw?) i

{ (g% + 0®) (13t + B?w?) + Br2w? (12 + w?) + g*r2w?(P? — 1,2)}coswt
(9* + 0 (3t + PPw?) '

(41)
Above equation is the exact solution of shear stress for cosine
oscillation without MHD effect.

Hence, above equation is the permanent solution of velocity field
for cosine oscillation. By replacing A — 0, Maxwell model
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shows properties of Newtonian fluid with MHD and porous 5.3 Newtonian without MHD: (A > OM - 0)
effect.

5.3.1  Velocity: (for cosine oscillation.)

Similarly, the permanent solution of velocity field for sine a
oscillation is given below. e
@ G.P. (g +w?)
w () = sinot +2y 220 | eXp( ) ’ e ){rnzqz(Prq +12) + 126,(q* + w?) } (46)
Poe] rh@) | g (gP + ;) N A —g%(qP + 12)(q + Y +12)
(=g + gr? — w?)sinwt 1.q(q? + w?)(Pq +159)(q + 9 +17)
(9% +w?)

By replacing h = i + 2 and taking inverse Laplace and

Hankel transformation, we get.
+ nreexp(—gt){G,(g° + w?) + gw(gh, —17)} 17 wcoswt

9(gP —1)(g* + w?) (g* +w?)| (42) o
uc(r,t) = coswt + 2 Jo(rr) | Gy
o L r]i(m) [ R
5.2.3  Shear stress: (for cosine oscillation.) exp(%%t){arprZ(r,;* +PR0?) - (B2 — 2]
+ T
Take Eq. (30), by putting A —» O andtakingg = M + ¢ + 12, P.(hP. — 12) (1 + P?w?)

we get.
rrexp(—ht){G, (h* —w®) + R*(h— P)}
h(hP, — 1,2)(w? + h2)
(43) {hP120(12 — 0?) + 1r2w3 (P? — 1;2)}sinwt
* (h?2 + w?)(r + P2 w?)

o)

z ), (rrn){q (P-q +19) + G, (q? +w2)}
1) 9(@? + 0 (Prq +12)(q + 9)

Taking Laplace inverse transformation in Eq. (40) we get.

N | 6 e
et = ZZ AR AT =

{ (h? + ) (1t + B?w?) + Br2w?(52 + w?) + h®r2w?(B? — 12)}coswt

)G P. (h? + w?) (1t + PPw?) (47)

Hence, above equation is the permanent solution of velocity field

n eXp( g{G, (g% + w?) — g*(gP + 1)} for cosine oscillation that shows the Newtonian’s fluid
9(gP — 1) (g% + w?) properties without MHD effect.
gcoswt + wsinwt] a4
(gZ + wZ) ( )

5.3.2  Velocity: (for sine oscillation.)

Hence, above Equation is the permanent solution of shear stress o . . ) ]

for cosine oscillation that shows the Newtonian’s fluid oimilarly, the permanent solution of velocity field for sine

properties with MHD and porous effect. oscillation that shows the Newtonian’s fluid properties without
MHD effect, defined as.

5.2.4  Shear stress: (for sine oscillation.) uy(r, ©)
(_r’%t)G P = sinwt
Titlo (1) XPLT, bt o
=2 g J.(rr) | Gr
et = Z J107) gr (_gpr +rnz) + ZZ rJ1 (1) h
, EP(gD(G,(g* + w*) + gu(gh ~ 1)) e
- g(gPrt— 12)(9% + w?) PG G 2 exp(—h){G, (h? +2w2) + hw(hP, — 1)}
gsimwt — wcosw + h(hpr — 17 )(hz + wZ)
e (45)

r,2coswt N (=h + h1r2 — w?)sinwt
2+ w?) 2+ w?)

Above equation is the permanent solution of shear stress for sine
oscillation that shows the Newtonian’s fluid properties with
MHD and porous effect.

(48)
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5.3.3  Shear stress: (for cosine oscillation.)
Take Eq. (30), byusingA - O0M — Oandtakingh = ¢ +
7,2, We get.

o

- Z rnzlo(rrn){ *(Pq+12) + G (q* + w?) }
B L) a(@® + 0D Prg+1)(q+ R

(49)

n=1

Taking Laplace inverse transformation in Eq. (2.49), we get.
exp(CID)G, P,

N L)
welrt) =2 Z J1 ) [hr T2 (hB,+72)
exp(—ht){G,(h? + w?) — h2(hP. + 1;2)}
h(hP, — 12) (R + w?)
hcoswt + wsinwt
(h? + w?) ]

(50)

Hence, above equation is the permanent solution of shear stress
for cosine oscillation that shows the Newtonian’s fluid
properties without MHD effect.

5.3.4  Shear stress: (for sine oscillation.)

Similarly, the permanent solution of velocity field for sine
oscillation that shows the Newtonian’s fluid properties without
MHD effect.

r2). (1) exp( 6h,
wnt = ZZ ) hr g T hP 1)
exp(—ht){G, (2 + w?) + ho(hP. — 12)}
h(hP, — D) (2 + w?)
hsinwt — wcoswt
NG N

(51)

5.4

5.4.1 Velocity computation: (for cosine

Maxwell without porous: (¥ = 0)

oscillation.)

Taking Eq. (23), by substituting ¥» — 0 and assuming e and f
as,

(14 M) + 1+ M22% — 2MA + 4r;2)
B 21 ’

—(1+ MA) — /1 + M2)2 — 2MA + 41,21

f= 22

Eq. (23) become,

http://xisdxjxsu.asia

VOLUME 18 ISSUE 8 August 2022

ISSN : 1673-064X

ﬁH(‘r"n'q)
_ G
(g% + w?)
I ){rnzqz(PTq +770) + 157G (14 19) (g% + w?) } (52)
B -q?(qP + 1) (q - e)(q— )

* ma(@® + 02)(Bq+ 12)(q— )@ —f)

Taking inverse Laplace and Hankel transformation, we get.

2
GrPreXp(%t)(_Pr + Arnz)
(P + 1) (fR + 1)

Uu.(r,t) = coswt + 2 Z /1]7:’,5:2‘)) 3 +
n=1 n

r2exp(et){e3(G. A+ P.) + e?(G, + 1;2) + eG, Aw? + G, w?}
e(e— (el +12)(e? + w?)

2exp(fOU3 G A+ P) + F2(G, +12) + fG,40% + G0}
f—e+ DB+ + w?)

{ef( efd+12) —Aw?(e? + f2 + w?) — r2w?}coswt — Zw(e + f)sinwt
(f? + w?)(e? + w?) '

(53)

Above equation is the exact solution of velocity field without
porous effect.

54.2 Velocity computation: (for sine oscillation.)

Assuming ¥ — 0, we obtained exact solution of velocity
without porous effect.

G,Prexp(— r")( P.+21%)
(eP, +r2)(fP +12)

Jo(rra)

o1 () ef ot

us(r,t) = sinwt + ZZ 7

+r,fexp(et){e3(Gr/1 +P.) + e%(G, + 1) + eG Aw? + G, w?}
e(e — f(eP. +1.2)(e? + w?)

r2exp(fO{f3 (G A+ P) + f2(G, + 1?) + fGAw? + G,w?}
f(=e+ P+ 1) (2 + w?)

{ef( efA+12) — 2wi(e? + f? + w?) — ntw¥}sinwt + rZw(e + f)coswt
(f? + w?)(e* + w?) '

(54)

5.4.3 Solution of shear stress: (for cosine
oscillation.)
Taking Eq. (30), by replacinga = eand b = f, we get.
7
_ Z Tit)o(rT) { q*(Pg +17) + G- (1 + 19)(q* + 0?) } (55)
M) (1 +2q) (A9(q* + 02)(Bq + 1)@ —e)(q— )

762-774


http://xisdxjxsu.asia/

Journal of Xi’an Shiyou University, Natural Science Edition

Taking inverse Laplace transformation, we get.

T.(1,t)

N ()
ZZ AP+ 1)1 (7, ef
exp(et){e (G:A + P.) + e%(G, + 12) + eGrw? A + G, w?}

+ e(e+ (1 +er)(e? + w?)

+ eXp(_ft){f3 (Grl + Pr) B fz (Gr + rnz) + fG‘erA B erz}
fle+ N1+ fH(? +w?)
Aexp(—2) (P, + A%2)
A +ed)(—1+fAH(A+ 21w?)
{{ (ef + w?)(12 + Aprw?) — w?(—e + f) (P — Ar2)}coswt

+ +H—ew(®? + ABw?) + fo(rZ + w? —niw?) + ef (Fw — ) + B.w3}sinwt
@ + )2 + o)1 + 20?)

——

—_——

Above Equation is the Exact Solution of shear stress for cosine
oscillation without porous effect.

5.4.4  Shear stress: (for sine oscillation.)

The exact solution of shear stress for sine oscillation without
porous effect is define as,

(7, 1)
N ()
s AR+ rn)]l(rn)[

exp(et){e G A+ e%(G, + P.w) + ew(GAw + 172) + G, w?}
* eCe+ /(L +ed)(e? + wd)

exp(—fO){f3G.A - f2(G, + Pw) + fw(GAw + 1;7) — Grw?}
+ Fle+ N(1+ eN)(e? + w?)
exp(— (B — ) w
A+red(—1+ DA+ 2ad)

{{ ef (2 + AB.w?) — B-w?(e — f) — r2w?}sinwt }]

{w(ef + w?)(B. — Ar?) — w(e + f)(1;2 + AB.w?)}coswt I (57)
(e? + w?)(f? + w?)(1 + 12w?) J|

55  Newtonian without porous: (4 - 0y — 0)

5.5.1  Velocity: (for cosine oscillation.)

Taking Eq. (23) and assuming A — 0 — 0, we get.

u
_ q/1(r)
(g% + w?)
12 q*(Pq + 1) + 177G (g + 0?)
J1(m)

} (58)

—q*(qP. + 1) (q+ M+ 1)
1.q(q? + w?)(P.q + 1) (g + M +17)
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By replacing | = M + r? and taking inverse Laplace and
Hankel transformation, we get.

u (r,t) = coswt + ZZ r]:j(r(r:)) G
n=1 1\Un

T (rr;l + Przwz) - rn6(Pr2 - rnz)}
Pr(lPr - rnz)(rr;t + Przwz)
reexp(=I){G, (¥ — w®) + (1= P}
1P, — 12)(w? + [2)
{IPR20(r? — 0?) + 203 (P? — 1;2)}sinwt
(12 + w?) (1t + PPw?)

(56)

{ (* + ) (1 + PP0?) + Prw’(r + 0?) + 11}
(12 + 0 (1¢ + P2w?)

w?(P? - rnz)}coswt] (59)

Hence, above equation is the permanent solution of velocity field
for cosine oscillation that shows the Newtonian’s fluid
properties without porous effect.

5.5.2  Velocity: (for sine oscillation.)

Similarly, the permanent solution of wvelocity field for sine
oscillation that shows the Newtonian’s fluid properties without
porous effect, defined as.

ug(r,t)
= sinwt

NPAGH A
rn]l(rn)

+2

exp( )G B r2exp(=1t){G, (12 + 0?) + lw(IP, — 1;)}

+ (1P, — 12)(12 + w?)

(=1 + In? — w?)sinwt
(12 + w?)

r2coswt
(1?2 + w?)

(60)

5.5.3  Shear stress: (for cosine oscillation.)

Take Eg. (30), by using A — 0y — 0 and taking [
we get.

=M + r?

[oe]

=2

). (m){q (P.q +1:2) + G (q* + wz)} (61)

110 a(@? + w®)(Pg +12) (g + D

Taking Laplace inverse transformation, we get.

2, () | Gy exp%%t)@'rpr
Tt = ZZ ORI
exp(—I{G (1> + w?) — I?(IP. + 1;2)}
1P — (2 + 0?)
lcoswt + wsinwt
W]

(62)
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Hence, above Equation is the permanent solution of shear stress
for cosine oscillation that shows the Newtonian’s fluid
properties without porous effect.

5.5.4  Shear stress: (for sine oscillation.)

Similarly, the permanent solution of velocity field for sine
oscillation that shows the Newtonian’s fluid properties without
porous effect.

L) | R (1P 4T
exp(—I){G,(1* + 0?) + lw(IP, — 1)}
IR —1rH)(I12 + w?)
hsinwt — wcoswt
W]
6. Model illustration:

. -2t
r2.or)| 6. exp()G P
TS(T,t)=ZZ n]( 11) T Py
n=1

(63)

u(r,0) =0,
T, 0)=Tx,

r=(0,%),t>0,

* Rotational Flow

v

Po ¢ ’

Magnetic Field —

u(R,t) = U-H(t) cos wt
Or

u(R,t) = U-sinwt - 7N =
Magnetic Particals
)

Figure 1: MHD flows of Maxwell fluid through vertical circular
cylinder.

|+ Osecillation

7. Result and discussion:

The effect of various fluid parameters on temperature T(r,t),
fluid velocity in term of cosine oscillation u.(r, t), fluid velocity
in term of sine oscillation wug (r,t), shear stress in term of
cosine oscillation 7, (r,t) and shear stress in term of sine
oscillation 7, (r,t) have been drawn against r and t by using
computational Mathcad software in Fig. (2 - 7).

In Figures (2a, 2b) effects of time and B. on temperature has been
drawn graphically. It is clearly seen in Fig. (a) that temperature
increased by increasing time and in Fig. (b) temperature
decreased by increasing prandtl number.
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T(x:t)
T G:t)

Figure 2: Temperature graph against r for different values of t and p,..

In Figures (3a, 3b) effects of radius and prandtl number on
temperature has been illustrated. Fig. (a) shows that temperature
increased by increasing radius and in Fig. (b) the temperature
decreased by increasing P. number

T (r,t)

t 7 i t
(a) (b)
Figure 3: Temperature graph against t for different values of r and p,.

In Figures (4a - 4d) effects of time on velocity and shear stress in
term of cosine and sine oscillations has been discuses. Here
G. = 14,B. = 20,5, = 051 = 15w = 15 and ¢ =
0.1. Fig. (4a, 4c) indicates velocity increased in the form of
cosine and sine oscillation by increasing time and Fig. (4b, 4d)
represents share stress increased in the form of cosine and sine

oscillations by increasing time.

e+t =029 [
eee t=035 7
e t=041 |
wan t=047 [

T B ) ey T e ey ey |
10203 04 050607 08 09 1

u, (r, t)
T (r,t)

(a) (b)
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069
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034 p
:  w LR
& 02 7 =m0 1
T e t=029 B g0’ [eee =029 1
3 5 J 2
—01) oo t=035 | -9.8:10° leee t=0135 |
-028 n t=041 |4 - 112x10% e t=041 H
—0.44) - t=047 | ~126<10" wue t=047 H
o 1 1 1 1 1 1 1 1 1 <3 4| 1 1 1 1 1 1 1 n 1
08001 02 03 04 05 05 07 03 03 1 00 02 03 04 05 08 07 08 09 1
r r
() (d)

Figure 4: Velocity and shear stress graph of cosine and sine oscillation
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against r for different value of ¢.

In Figures (5a - 5d) effects of prandtl number on velocity and
share stress in term of cosine and sine oscillations has been
discourse. Here G, = 14,t = 0.3, S, = 05,1 = 15,0 =
1.5 and ¢ = 0.1. Fig. (5a, 5c) shows velocity decreased
through boundary conditions cosine and sine oscillations and
Fig. (bb, 5d) shows share stress increased through boundary
conditions cosine and sine oscillations by increasing prandtl
number.

S————————
12F 1 16x
0s- 8 32
o8- = .

ey 03t - =2

& L ) -

£ w 1 S -

& -o03f eee Gr =5 H B 960’ e Gr =5 |1
—o8F leee Gr =10 [ - L1210 wee Gr =10 [
s fewse Gr =15 [ - 128107 pewwe Gr =15 7
-12 mae Gr =20 [ - 14410 pree Gr =20 |+
~15 T N S T e ey P B 13, O SN NS N SN TN S s

0 01 02 03 04 05 06 07 08 09 1 "0 01 02 03 04 05 06 07 08 09 1
r r
(a) (b)
o —
12 10
i+ 3
ost

S (™ 10’

E o & s

5 0 e+ Gr =5 & =960 ee Gr =5 [

o e Gr =10 |- - 1126101 oo Gr =10 1
—02 rax Gr =15 [ 12840°H et Gr =15 1
-04 waa Gr =20 (4 ~14410% wae Gr =20 H
-0 SR =T TR — gt T

70 01 02 03 04 05 06 07 08 09 1 70 01 02 03 04 05 06 07 08 09 1

r r
© @

Figure 6: Velocity and shear stress graph of cosine and sine
oscillations against r for different value of G,.

In Figures (7a - 7d) effects of prandtl number on velocity and
shear stress graph against t has been illustrated. Here G, =
14,r = 03,5, = 05,1 = 1.5,w = 1.5 and ¢y = 0.1. It is
clearly seen in Fig. (7a, 7c) that the velocity increased by
increasing B. number while Fig. (7b, 7d) indicates that share
stress decreased by increasing P,..

-220r
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=385
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- 4951
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-11 eee Pr =10 [ -840 loee Pr =10 [
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Figure 5: Velocity and shear stress graph of cosine and sine
oscillations against r for different value of p,..

In Figures (6a - 6d) effects of G, number on velocity and share

stress

in term of cosine and sine oscillations has been
illustrated. Here PB. = 20,t = 0.3, S, = 0.5,1 = 1.5,w

1.5andy = 0.1. Fig. (6a, 6¢) shows velocity in term of cosine
and sine oscillations increased by increasing G, number while
share stress decreased by increasing G,..
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Figure 7: Velocity and shear stress graph of sine and cosine oscillation
against ¢ for different value of P.
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In Figures (8a - 8d) effects of grashuff number on velocity and
shear stress graph against t has been illustrated. Here P. =
20,r = 0.3,S, = 05,4 = 1.5,w = 1.5 and ¥ = 0.1. It is
clearly observed in Fig. (8a, 8c) that the velocity decreased while
Fig. (8b, 8d) share stress increased by increasing G,..

T T L)

us (r, t)
T, (. L)

N Y Y SN N S

-05

!
0 04 08 12 16 2 24 28 32 36 4

© (@

Figure 8: Velocity and shear stress graph of sine and cosine
oscillations against ¢ for different value of G,.

8. Conclusion:

In this paper, an exact solution of heat and mass transfer of
Maxwell fluid with MHD and porous effect along a vertical
circular cylinder is concluded by applying combine Laplace and
Hankel transformation. The motion of the fluid is longitudinal.
More accurately, the objective is to determine the velocity field,
shear stress and temperature to the movement inside a circular
cylinder of the standardized Maxwell fluid model. Initially at
t = 0 fluid are at rest with constant temperature T,,. The actual
movement of fluid is started by the cylinder, as the axis with
velocity cos(wt) or sin(wt). For sine and cosine oscillation the
exact transitional solution with MHD effect of velocity are
u.(r,t) or ug(rt), shear stress are t.(r,t) and t,(r,t) and
temperature is T(r,t). This solution satisfied all initial and
boundary conditions. As special cases the corresponding solution
for Maxwell fluid with MHD effect is obtained and without
MHD effect is obtained by considering M —— 0. The
Newtonian solutions for wvelocity field, shear stress and
temperature with MHD effect is obtained by assuming A — 0
and without MHD effect is obtained by considering A ——
0,M —— 0. Also Maxwell fluid without porous effect is
obtained by considering p — 0. The Newtonian solutions for
velocity field, shear stress and temperature with porous effect is
obtained by assuming A —— 0 and without porous effect is
obtained by considering A — 0,3 — 0.

u

T

ISSN : 1673-064X

9. Nomenclature:

acceleration due to gravity.
thermal conductivity of field.
density.

shear stress.

frequency of oscillation.
kinematic viscosity.

coefficient of viscosity.

Radius.

laplace transforms parameter.
dimension less coordinate.
(dimensionless) relaxation time.
Porosity.

electrical conductivity.

porous effect.

magnetic effect.

transverse magnetic field.

radio frequency energy field applied perpendicular to S..

PR Rg g momta IE <L 4D xaQ

prandtl number.
acceleration due to gravity.
grashof number.

modified grashof number.
wall temperature.

ambient temperature.

H(t) unit step function.

(r, t) velocity field.

(r,t) shear stress.

o3

=)
sﬂeﬂﬁc’S

T (r, t) temperature distribution.
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