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ABSTRACT
The n" centered hexagonal number is denoted by D_ and is of the form

D, =3n(n-1)+1. Let G be a (p,q)graph. Let V(G)and E(G) denote the vertex set and
the edge set of G respectively. A centered hexagonal graceful labeling of a graph G is an

one to one function f:V(G)—>{012..,D,} that induces a bijection
f":E(G)—>{D,,D,,... Dq} of the edges of G defined by
f () :|f(u)— f(v)|, Ve=uveE(G). The graph which admits such a labeling is called a

centered hexagonal graceful graph. In this paper, centered hexagonal graceful labeling of

caterpillar and uniform caterpillar graphs are studied.

Keywords: centered hexagonal numbers, centered hexagonal labeling, centered hexagonal

graceful graph.
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1. INTRODUCTION

The graphs considered in this paper are finite, undirected and without loops or
multiple edges. Let G = (V, E) be a graph with p vertices and q edges. Terms not defined here

are used in the sense of Harary [2]. For number theoretic terminology [1] is followed.

A graph labeling is an assignment of integers to the vertices or the edges or both
subject to certain conditions. If the domain of the mapping is the set of vertices (edges/both)
then the labeling is called a vertex (edge/ total) labeling.

There are several types of graph labeling and a detailed survey is found in [3]. In
1967, Rosa [6] presented four hierarchically related labeling of graphs, which he named a., f,
o and p valuations. In 1972, - valuation had been called graceful labeling by Golomb [4].
Ramesh and Syed Ali Nisaya [5] introduced some more polygonal graceful labeling of path.
For more information related to graph labeling, see [7,8].

2. PRELIMINARIES

Definition 2.1: A path P, is obtained by joining u, to the consecutive vertices u;_, for
1<i<n-1.

Definition 2.2: LetVv,,V,,..,V, be the n vertices of the path P,. From each vertexv,,

i+1

i=12,.,n there arem;,i =12,...,n pendant vertices say V;;, Vi, ..., Vi, . The resultant graph is

a caterpillar and is denoted by B(m,,m,,..,m,) . The graph B(m,,m,) is called a bistar
graph. The caterpillar graph can also be defined in the following way.

Gis called a caterpillar if G is a tree such that the removal of the vertices with degree 1
results in a path and that path is called the spine of the caterpillar.

Definition 2.3: A uniform caterpillar is a caterpillar with each vertex is either of degree 1 or
of degree m where m=A(G). We denote a uniform caterpillar with n vertices on the

spine by Cat, .

Definition 2.4: A graceful labeling of a graph G is an one to one function
f:V(G)—{0,1,2,...,q} that induces a bijection f”: E(G)—{12,..,q} of the edges of G
defined by f7(e) = | f(u)— f(v)|, Ve=uve E(G). The graph which admits such a labeling is
called a graceful graph.

Definition 2.5: A centered hexagonal number is a centered figurate number that represents a
hexagon with a dot in the center and all other dots surrounding the center in successive
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hexagonal layers. The n"" centered hexagonal number is D, =n®—(n-1)*=3n(n-1)+1. The
first few centered hexagonal numbers are 1,7,19,37,61,91,127,169,217,271,331,397 etc.

Definition 2.6: A centered hexagonal graceful labeling of a graph G is an one to one
function f :V(G)—{0,12,..., D, }that induces a bijection f: E(G)—){Dl, D,,... Dq} of
the edges of G defined by f'(e) =|f (u)— f(v), Ve=uveE(G). The graph which admits

such a labeling is called a centered hexagonal graceful graph.

3. MAIN RESULTS

Theorem 3.1: The caterpillar B(L,2,3,...,n) is a centered hexagonal graceful graph.

Proof:  The caterpillar B(L,2,3,...,n) is obtained from a path P, by attaching i" vertex of
P, with i pendant vertices. Let G=(V,E) be the caterpillar B(1,2,3,..,n) . Let
V(G)=1v,,v, :1<i<n,1<j<if and E(G)=1{v,,v, : 2<i <nfuU{v v, , 1<i<n;1<<if

ij iYijo

Here the path P, has n vertices, n—1 edges and we are attaching 1+2+3+...+n=m (say)

pendant vertices. Hence G has m+n vertices m+n—1 edges.

Define f :V(G)—{0,1,2,..,D,,.,,}as follows.

f (V)= 6(i-1)(n—i), where i:1,2,...,(n7+1j

F(Var) = %(W —6n(1+2i) + 2(6i2 +1)), where i=12,..., (gj and

f (v;)=3(m+n—-1)(m+n—-2)+1 and

.2 .2 -
For 2<i<n, f (v;)= f(vi)+3(m+n_j_[l . IJJ[ern_j_(l Z—IJ_1]+1,where 1<j<i.

We shall prove that G admits centered hexagonal graceful labeling. From the definition, it is

clear that max f(v)is D,,,, and also f(v)e{0,1,2,..,D,,,,}. Also from the definition,

m+n-1

all the vertices of G have different labeling. Hence f is one to one. It remains to show that
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the edge values are of the form {D,,D,,..,D, ;,D, ,... D,,,,} - The induced edge function

f":E(G)—>{D,,D,,..,D,,, D, ..., D,/ is defined as follows.
£ (v, )= 3(M+n—T)(m+n—2)+1

For 2<i<n, f"(vv,,) =3(n*+i*-2in+n-i)+1

L L
For 2<i<n, f*(vivij):S[m+n—j—(l ;'J)[mm—j—[' 2_')—1}+1,Where 1<j<i .

Clearly f” is a bijection and f"(E(G))= {D,,D,,..,D,,.D,,..D,..,.}. Therefore G

admits centered hexagonal graceful labeling. Hence the graph G is a centered hexagonal

graceful graph.

Example 3.2: The centered hexagonal graceful labeling of B (1,2,3,4) is given in figure 1.

\':32
Vv 229 v
2834 181"
217
271 169
VJ 19 Vs 7 Vs
0 19 2
469 397, 331
469 416 350
Vi 21 Vi
Figure 1

Now we prove that the uniform caterpillar Cat,  for n>2is a centered hexagonal graceful

graph. First we prove the following three lemmas.

Lemma 3.3: The uniform caterpillar Cat, , is a centered hexagonal graceful graph.
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Proof: Let G=(V,E) be the wuniform caterpillar Cat, with the vertex set
V ={U,g, Uy, Uppyeee Uy Uy Ungy Usg ey Uy F and the edge set
E={uloulj :1£j£m}u{u20u2j :1£j£m}u{umu20}. Then G has 2m+2 vertices and

2m+1 edges. Define f :V(G)—{0,12,...,D,,,,}as follows.
f (ulo) =0
f (Uzo) =1

f(Uy) = () +3M?(i2 —6i+9)+ j>—3m(i+2j —3)~3j+2ijm]+7 ,where i=12 and
1<j<m. We shall prove that G admits centered hexagonal graceful labeling. From the

definition, it is clear that max f(v)is D,,,, and also f (v)e{0,1,2,..,D,,,,}. Also from the

definition, all the vertices of G have different labeling. Hence f is one to one. It remains to

show that the edge values are of the form {D,,D,,..,D,,,} . The induced edge function

f": E(G)—>{D,,D,,..,D,,,} is defined as follows.

f7 (U, Uy,) =1

f™ (U Uy;) = 3[4m(m— j)+ j* +3(2m— j)]+7 ,where 1< j<m
7 (UyUy;) =3[M(M—2)+3(m—j)+ j*]1+7 , where 1< j<m

Clearly f” is one to one and f"(E(G))= {D,,D,,..,D,,,,}. Therefore G admits centered

hexagonal graceful labeling. Hence the uniform caterpillar Cat,  is a centered hexagonal

graceful graph.

Example 3.4: The centered hexagonal graceful labeling of the uniform caterpillar Cat, , is given

in figure 2.
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217 169 127 91

Figure 2

Lemma 3.5: The uniform caterpillar Cat,  is a centered hexagonal graceful graph.

Proof: Let G=(V,E) be the wuniform caterpillar Cat,  with the vertex set
V ={Uy,0,Uy;,Usp ey Uy s Ung s Usgy Usg ey Unp Usgy Uy Uy ey U} and the edge set
E:{um Uyj s Uy Uy Ugy Ugy 11< ] Sm}u{umuzo,uzou%}. Then G has 3m+3 vertices and

3m+2 edges. Define f :V(G)—{0,1,2,..., D,,,, }as follows.
f (ulo) =0
f (U) = (Ugyo)+3i(i—3)+7 , where i=23

£ (uy )= f (U) + 3[m?(i2 ~8i +16) ~m(5i +8] —20) + j2 ~5] + 2ijm] +19 , where i=123 and
1<j<m
We shall prove that G admits centered hexagonal graceful labeling. From the definition, it is

clear that max f(v)is D,,,, and also f (v)e{0,1,2,..,D;,,,}. Also from the definition, all

the vertices of G have different labeling. Hence f is one to one. It remains to show that the

edge values are of the form {D,D,,..D,,,} . The induced edge function

f": E(G)—{D,D,,..,D,,.,} is defined as follows.
f (ulo uzo) =1
f (Upe Ugo) =7

f™(upuy;) =3[BmEBm—2j)+ j? +5(3m— j)]+19 , where 1< j<m
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f™ (U Uy;) = 3[4m(M— j)+ j* +5(2m— j)]+19 , where 1< j<m
f™ Uy Uy;) =3[M(M—2j) + j* +5(m— j)]+19 , where 1< j<m

Clearly f” is a bijection and f"(E(G))= {D,,D,,..,D,,.,}. Therefore G admits centered
hexagonal graceful labeling. Hence the uniform caterpillar Cat,  is a centered hexagonal

graceful graph.

Example 3.6: The centered hexagonal graceful labeling of the uniform caterpillar Cat, ,is given

in figure 3.

547 469 397 331 272 218 170 128

Figure 3

Lemma 3.7: The uniform caterpillar Cat, , is a centered hexagonal graceful graph.

4,m

Proof: Let G=(V,E) be the uniform caterpillar Cat,  with the vertex set
V ={u,;,U,;,Us;,U,; :0< j<m} and the edge set
E = Uy Uy; ,Uso Uy, , Usg Ug; s Ugo Uy = 1< <MfU{UigUyg, Unlizy, Ul - Then G has 4m+4

vertices and 4m+3 edges. Define f :V(G)—{0,12,..,D,,.,}as follows.

f (ulO) =0

f (U) = f (Ugsyo) +3i(i —3) +7 where =234

() = f () +3[M2(i2 —10i +25) + j? + 2ijm+5m(7 — 2) — 7(im+ j)]+ 37 where i =12,3,4

and 1< j<m.
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We shall prove that G admits centered hexagonal graceful labeling. From the definition, it is

clear that max f(v)is D, and also f (v)e{0,1,2,...,D,,.,}. Also from the definition, all
veV

the vertices of G have different labeling. Hence f is one to one. It remains to show that the

edge values are of the form {D,,D,,..,D,,.,} . The induced edge function

f": E(G)—{D,,D,,..,D,,.,} is defined as follows.

f™ (Uyo Ugigyo) = 3i* =3i+1, where i =123

" (upu;) =3[Bm(2m— j) + j* +7(4m— j)]+37 , where 1< j<m
f™ Uy Uy;) = 3[BMEBM—2j)+ j*+7(3m— j)]+37 , where 1< j<m
f™ Uy Uy;) = 3[4m(M— j)+ j* +7(2m— j)]+37 , where 1< j<m

7 (U U,;) =3[M(M—2j)+ j* +7(m— j)]+37 , where 1< j<m

Clearly f” is a bijection and f"(E(G))= {D,,D,,...,D,y.5,Dyn.s} - Therefore G admits
centered hexagonal graceful labeling. Hence the uniform caterpillar Cat,  is a centered

hexagonal graceful graph.

Example 3.8: The centered hexagonal graceful labeling of the uniform caterpillar Cat, ,is given

in figure 4.

1027 919 817 721 632 548 470 398 339 279 225 177 154 18 88 64

Figure 4
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Theorem 3.9: The uniform caterpillar Cat,  ¥n=>2 is a centered hexagonal graceful graph.

Proof: Let G=(V,E) be the uniform caterpillar Cat, Vn>=2 with the vertex set
V={u;:1<i<n 0< j<m} and the edge set

E={uio U; :1£i§n;1§jSm}u{uiou(i+1)o:1£i§n—1}. Then G has nm+n vertices and

nm+n-1 edges. Define f :V(G)—{0,1,2,...,D,,.,_, }as follows.
f (ulO) =0
f(Uip) = f (Ugyyo) +3i(i—3)+7, where 2<i<n

f(uij):f(ui0)+3(nm+n+m—im—j)(nm+n+m—im—j—1)+1, where 1<i<n and

1<j<m.

We shall prove that G admits hexagonal graceful labeling. From the definition, it is clear that

max f(v)is D,,.., and also f (v)e{0,1,2,..,D,,...}. Also from the definition, all the
veV (G

vertices of G have different labeling. Hence f is one to one. It remains to show that the

edge values are of the form {D,,D,,..,D,...,f - The induced edge function

f:E(G)—{D,,D,,...D

nm+1?

D

nm+21"""

D,....} is defined as follows.

7 (Uip Ugiayo) =3i(i—1)+1, where 1<i<n-1
7 (Uou;) =3(m+n+m—im— j)(nm+n+m—im— j-1)+1, where 1<i<nand 1< j<m

Clearly f" is a bijection f"(E(G))= {D,,D,,.... D,.;s Doinsees Dyns - Therefore G admits

nm+1?

centered hexagonal graceful labeling. Hence the uniform caterpillar Cat,  vn>2 is a centered

hexagonal graceful graph.
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Example 3.10: The centered hexagonal graceful labeling of the uniform caterpillar Cat, , is

given in figure 5.

19 27 Uy 37 64 Us

FIGURE 5
Conclusion:

In this paper, the centered hexagonal graceful labeling of caterpillar and uniform caterpillar
graphs are studied. This work contributes several new results to the theory of graph labeling.
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